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Binomial CoefficientsBinomial Coefficients

ItIt allowsallows usus toto dodo aa quickquick expansionexpansion ofof ((xx++yy))nn

WhyWhy it’sit’s reallyreally importantimportant::
ItIt providesprovides aa goodgood contextcontext toto presentpresent proofsproofs

22

ItIt providesprovides aa goodgood contextcontext toto presentpresent proofsproofs
�� EspeciallyEspecially combinatorialcombinatorial proofsproofs



LetLet nn andand rr bebe nonnon--negativenegative integersintegers withwith
rr ≤≤ nn.. ThenThen CC((nn,,rr)) == CC((nn,,nn--rr))
Or,Or,

Review: combinationsReview: combinations
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ProofProof (from(from aa previousprevious slideslide set)set)::
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Review: combinatorial proofReview: combinatorial proof

AA combinatorialcombinatorial proofproof isis aa proofproof thatthat usesuses countingcounting
argumentsarguments toto proveprove aa theorem,theorem, ratherrather thanthan somesome
otherother methodmethod suchsuch asas algebraicalgebraic techniquestechniques

Essentially,Essentially, showshow thatthat bothboth sidessides ofof thethe proofproof

44

Essentially,Essentially, showshow thatthat bothboth sidessides ofof thethe proofproof
managemanage toto countcount thethe samesame objectsobjects
�� UsuallyUsually inin thethe formform ofof anan EnglishEnglish explanationexplanation withwith

supportingsupporting formulaeformulae



Polynomial expansionPolynomial expansion

ConsiderConsider ((xx++yy))33::
RephraseRephrase itit asas::

32233 33)( yxyyxxyx +++=+

[ ] [ ] 32222223))()(( yxyxyxyyxyxyxxyxyxyx +++++++=+++

55

WhenWhen choosingchoosing xx twicetwice andand yy once,once, therethere areare C(C(33,,22)) ==
C(C(33,,11)) == 33 waysways toto choosechoose wherewhere thethe xx comescomes fromfrom
WhenWhen choosingchoosing xx onceonce andand yy twice,twice, therethere areare C(C(33,,22)) ==
C(C(33,,11)) == 33 waysways toto choosechoose wherewhere thethe yy comescomes fromfrom



Polynomial expansionPolynomial expansion
ConsiderConsider

ToTo obtainobtain thethe xx55 termterm
�� EachEach timetime youyou multiplemultiple byby ((xx++yy),), youyou selectselect thethe xx
�� Thus,Thus, ofof thethe 55 choices,choices, youyou choosechoose xx 55 timestimes

C(C(55,,55)) == 11
�� Alternatively,Alternatively, youyou choosechoose yy 00 timestimes

543223455 510105)( yxyyxyxyxxyx +++++=+

66

�� Alternatively,Alternatively, youyou choosechoose yy 00 timestimes
C(C(55,,00)) == 11

ToTo obtainobtain thethe xx44yy termterm
�� FourFour ofof thethe timestimes youyou multiplymultiply byby ((xx++yy),), youyou selectselect thethe xx

TheThe otherother timetime youyou selectselect thethe yy
�� Thus,Thus, ofof thethe 55 choices,choices, youyou choosechoose xx 44 timestimes

C(C(55,,44)) == 55
�� Alternatively,Alternatively, youyou choosechoose yy 11 timetime

C(C(55,,11)) == 55
ToTo obtainobtain thethe xx33yy22 termterm
�� C(C(55,,33)) == C(C(55,,22)) == 1010

EtcEtc……



Polynomial expansionPolynomial expansion

ForFor ((xx++yy))55
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Polynomial expansion: Polynomial expansion: 
The binomial theoremThe binomial theorem

ForFor ((xx++yy))nn
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ExamplesExamples

WhatWhat isis thethe coefficientcoefficient ofof xx1212yy1313 inin ((xx++yy))2525??

WhatWhat isis thethe coefficientcoefficient ofof xx1212yy1313 inin ((22xx--33yy))2525??
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�� RephraseRephrase itit asas ((22x+(x+(--33y))y))2525

�� TheThe coefficientcoefficient occursoccurs whenwhen jj==1313::
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Sample questionSample question

FindFind thethe coefficientcoefficient ofof xx55yy88 inin ((xx++yy))1313

AnswerAnswer::
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Pascal’s trianglePascal’s triangle
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Pascal’s IdentityPascal’s Identity

ByBy Pascal’sPascal’s identityidentity:: oror 2121==1515++66

LetLet nn andand kk bebe positivepositive integersintegers withwith nn ≥≥ kk..
ThenThen
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ThenThen

�� oror C(C(nn++11,,kk)) == C(C(nn,,kk--11)) ++ C(C(nn,,kk))

WeWe willwill proveprove thisthis viavia twotwo waysways::
�� CombinatorialCombinatorial proofproof
�� UsingUsing thethe formulaformula forfor
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Algebraic proof of Pascal’s identityAlgebraic proof of Pascal’s identity
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Pascal’s identity: combinatorial proofPascal’s identity: combinatorial proof

ProveProve C(C(nn++11,,kk)) == C(C(nn,,kk--11)) ++ C(C(nn,,kk))
ConsiderConsider aa setset TT ofof nn++11 elementselements
�� WeWe wantwant toto choosechoose aa subsetsubset ofof kk elementselements
�� WeWe willwill countcount thethe numbernumber ofof subsetssubsets ofof kk elementselements viavia 22 methodsmethods

MethodMethod 11:: ThereThere areare C(C(nn++11,,kk)) waysways toto choosechoose suchsuch aa subsetsubset

1515

MethodMethod 22:: LetLet aa bebe anan elementelement ofof setset TT
TwoTwo casescases
�� aa isis inin suchsuch aa subsetsubset

ThereThere areare C(C(nn,,kk--11)) waysways toto choosechoose suchsuch aa subsetsubset
�� aa isis notnot inin suchsuch aa subsetsubset

ThereThere areare C(C(nn,,kk)) waysways toto choosechoose suchsuch aa subsetsubset
Thus,Thus, therethere areare C(C(nn,,kk--11)) ++ C(C(nn,,kk)) waysways toto choosechoose aa subsetsubset ofof kk
elementselements

Therefore,Therefore, C(C(nn++11,,kk)) == C(C(nn,,kk--11)) ++ C(C(nn,,kk))
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Corollary 1 and algebraic proofCorollary 1 and algebraic proof

LetLet nn bebe aa nonnon--negativenegative integerinteger.. ThenThen

AlgebraicAlgebraic proofproof
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Combinatorial proof of corollary 1Combinatorial proof of corollary 1

LetLet nn bebe aa nonnon--negativenegative integerinteger.. ThenThen

CombinatorialCombinatorial proofproof
�� AA setset withwith nn elementselements hashas 22nn subsetssubsets
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AA setset withwith nn elementselements hashas 22 subsetssubsets
ByBy definitiondefinition ofof powerpower setset

�� EachEach subsetsubset hashas eithereither 00 oror 11 oror 22 oror …… oror nn elementselements
ThereThere areare subsetssubsets withwith 00 elements,elements, subsetssubsets withwith 11 element,element,
…… andand subsetssubsets withwith nn elementselements

Thus,Thus, thethe totaltotal numbernumber ofof subsetssubsets isis
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LetLet nn bebe aa positivepositive integerinteger.. ThenThen
AlgebraicAlgebraic proofproof

Proof practice: corollary 2Proof practice: corollary 2
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Proof practice: corollary 3Proof practice: corollary 3

LetLet nn bebe aa nonnon--negativenegative integerinteger.. ThenThen

AlgebraicAlgebraic proofproof
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Vandermonde’s identityVandermonde’s identity

LetLet mm,, nn,, andand rr bebe nonnon--negativenegative integersintegers withwith rr notnot
exceedingexceeding eithereither mm oror nn.. ThenThen
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AssumeAssume aa congressionalcongressional committeecommittee mustmust consistconsist ofof
rr people,people, andand therethere areare nn DemocratsDemocrats andand mm
RepublicansRepublicans
�� HowHow manymany waysways areare therethere toto pickpick thethe committee?committee?
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Combinatorial proof of Combinatorial proof of 
Vandermonde’s identityVandermonde’s identity

ConsiderConsider twotwo sets,sets, oneone withwith mm itemsitems andand oneone withwith nn itemsitems
�� ThenThen therethere areare waysways toto choosechoose rr itemsitems fromfrom thethe unionunion ofof thosethose

twotwo setssets

Next,Next, we’llwe’ll findfind thatthat valuevalue viavia aa differentdifferent meansmeans
�� PickPick kk elementselements fromfrom thethe setset withwith nn elementselements
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�� PickPick kk elementselements fromfrom thethe setset withwith nn elementselements
�� PickPick thethe remainingremaining rr--kk elementselements fromfrom thethe setset withwith mm elementselements
�� ViaVia thethe productproduct rule,rule, therethere areare waysways toto dodo thatthat forfor EACHEACH valuevalue

ofof kk
�� Lastly,Lastly, considerconsider thisthis forfor allall valuesvalues ofof kk::
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Sample questionSample question

HowHow manymany bitbit stringsstrings ofof lengthlength 1010 containcontain exactlyexactly
fourfour 11’s?’s?
�� FindFind thethe positionspositions ofof thethe fourfour 11’s’s
�� TheThe orderorder ofof thosethose positionspositions doesdoes notnot mattermatter

2424

PositionsPositions 22,, 33,, 55,, 77 isis thethe samesame asas positionspositions 77,, 55,, 33,, 22

�� Thus,Thus, thethe answeranswer isis C(C(1010,,44)) == 210210

GeneralizationGeneralization ofof thisthis resultresult::
�� ThereThere areare C(C(nn,,rr)) possibilitiespossibilities ofof bitbit stringsstrings ofof lengthlength nn

containingcontaining rr onesones



Yet another combinatorial proofYet another combinatorial proof

LetLet nn andand rr bebe nonnon--negativenegative integersintegers withwith rr ≤≤ nn.. ThenThen

WeWe willwill dodo thethe combinatorialcombinatorial proofproof byby showingshowing thatthat bothboth
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WeWe willwill dodo thethe combinatorialcombinatorial proofproof byby showingshowing thatthat bothboth
sidessides showshow thethe waysways toto countcount bitbit stringsstrings ofof lengthlength nn++11 withwith
rr++11 onesones

FromFrom previousprevious slideslide:: achievesachieves thisthis
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Yet another combinatorial proofYet another combinatorial proof

Next,Next, showshow thethe rightright sideside countscounts thethe samesame objectsobjects
TheThe finalfinal oneone mustmust occuroccur atat positionposition rr++11 oror rr++22 oror …… oror nn++11
AssumeAssume thatthat itit occursoccurs atat thethe kkthth bit,bit, wherewhere rr++11 ≤≤ kk ≤≤ nn++11
�� Thus,Thus, therethere mustmust bebe rr onesones inin thethe firstfirst kk--11 positionspositions

Thus,Thus, therethere areare suchsuch stringsstrings ofof lengthlength kk--11



 −k 1

2626

�� Thus,Thus, therethere areare suchsuch stringsstrings ofof lengthlength kk--11

AsAs kk cancan bebe anyany valuevalue fromfrom rr++11 toto nn++11,, thethe totaltotal numbernumber ofof
possibilitiespossibilities isis

Thus,Thus,
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Sample questionSample question

ShowShow thatthat ifif pp isis aa primeprime andand kk isis anan integerinteger suchsuch thatthat
11 ≤≤ kk ≤≤ pp--11,, thenthen pp dividesdivides

WeWe knowknow thatthat
pp dividesdivides thethe numeratornumerator ((pp!)!) onceonce onlyonly

BecauseBecause pp isis prime,prime, itit doesdoes notnot havehave anyany factorsfactors lessless thanthan pp
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�� BecauseBecause pp isis prime,prime, itit doesdoes notnot havehave anyany factorsfactors lessless thanthan pp
WeWe needneed toto showshow thatthat itit doesdoes NOTNOT dividedivide thethe
denominatordenominator
�� OtherwiseOtherwise thethe pp factorfactor wouldwould cancelcancel outout

SinceSince kk << pp (it(it waswas givengiven thatthat kk ≤≤ pp--11),), pp cannotcannot dividedivide kk!!
SinceSince kk ≥≥ 11,, wewe knowknow thatthat pp--kk << pp,, andand thusthus pp cannotcannot
dividedivide ((pp--kk)!)!
Thus,Thus, pp dividesdivides thethe numeratornumerator butbut notnot thethe denominatordenominator
Thus,Thus, pp dividesdivides 
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Sample questionSample question

GiveGive aa combinatorialcombinatorial proofproof thatthat ifif nn isis positivepositive integerinteger thenthen

ProvidedProvided hinthint:: showshow thatthat bothboth sidessides countcount thethe waysways toto selectselect
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ProvidedProvided hinthint:: showshow thatthat bothboth sidessides countcount thethe waysways toto selectselect
aa subsetsubset ofof aa setset ofof nn elementselements togethertogether withwith twotwo notnot
necessarilynecessarily distinctdistinct elementselements fromfrom thethe subsetsubset

FollowingFollowing thethe otherother providedprovided hint,hint, wewe expressexpress thethe rightright sideside
asas followsfollows::
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Sample questionSample question

ShowShow thethe leftleft sideside properlyproperly countscounts thethe desireddesired
propertyproperty
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Choosing a subset of k
elements from a set of 
n elements

Consider each 
of the possible 
subset sizes k

Choosing one of 
the k elements in 
the subset twice



Sample questionSample question
TwoTwo casescases toto showshow thethe rightright sideside:: nn((nn--11))22nn--22++nn22nn--11

�� PickPick thethe samesame elementelement fromfrom thethe subsetsubset
PickPick thatthat oneone elementelement fromfrom thethe setset ofof nn elementselements:: totaltotal ofof nn possibilitiespossibilities
PickPick thethe restrest ofof thethe subsetsubset

�� AsAs therethere areare nn--11 elementselements left,left, therethere areare aa totaltotal ofof 22nn--11 possibilitiespossibilities toto pickpick aa givengiven
subsetsubset

WeWe havehave toto dodo bothboth
�� Thus,Thus, byby thethe productproduct rule,rule, thethe totaltotal possibilitiespossibilities isis thethe productproduct ofof thethe twotwo
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�� Thus,Thus, byby thethe productproduct rule,rule, thethe totaltotal possibilitiespossibilities isis thethe productproduct ofof thethe twotwo
�� Thus,Thus, thethe totaltotal possibilitiespossibilities isis nn**22nn--11

�� PickPick differentdifferent elementselements fromfrom thethe subsetsubset
PickPick thethe firstfirst elementelement fromfrom thethe setset ofof nn elementselements:: totaltotal ofof nn possibilitiespossibilities
PickPick thethe nextnext elementelement fromfrom thethe setset ofof nn--11 elementselements:: totaltotal ofof nn--11 possibilitiespossibilities
PickPick thethe restrest ofof thethe subsetsubset

�� AsAs therethere areare nn--22 elementselements left,left, therethere areare aa totaltotal ofof 22nn--22 possibilitiespossibilities toto pickpick aa givengiven
subsetsubset

WeWe havehave toto dodo allall threethree
�� Thus,Thus, byby thethe productproduct rule,rule, thethe totaltotal possibilitiespossibilities isis thethe productproduct ofof thethe threethree
�� Thus,Thus, thethe totaltotal possibilitiespossibilities isis nn*(n*(n--11)*)*22nn--22

�� WeWe dodo oneone oror thethe otherother
Thus,Thus, viavia thethe sumsum rule,rule, thethe totaltotal possibilitiespossibilities isis thethe sumsum ofof thethe twotwo
OrOr nn**22nn--11++nn*(n*(n--11)*)*22nn--22


