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FOL Interpretations

e Interpretation I

e U set of objects
(called "domain of discourse” or “universe”)

» Maps constant symbols to elements of U

» Maps predicate symbols to relations on U
(binary relation is a set of pairs)

» Maps function symbols to functions on U
(function is a binary relation with a single pair for each

element in U, whose first item is that element)




Holds

When does a sentence hold in an interpretation?
e P is a relation symbol
ot,, .., t, are terms

holds(P(t,, ..., t,), 1) iff <I(t,), ..., I(t,)> € I(P)

Brother(Jon, Joe)??

eI(Jon) = yi - [an element of U]

e I(Joe) = 4 [an element of U]

e I[(Brother) = {<!:.’,@>,<O,4 D s S

Extend an interpretation I to bind variable x to
elementa e U: I,

e holds(vx.®, I) iff holds(®, I,,,) for all a € U
e holds(3x.®, I) iff holds(®, 1,,,) for some a € U




Example Domalin

*U={BA®O}

The Real
World




Example Domalin

U={mAa0°) . ‘
» Constants: Fred

* Preds: Above?, Circle!, Ovall, Square!

e Function: hat A O

e [(Fred) =A
e [(Above) = {<m ,A >,<@,0o>) The Real
e I(Circle) = {<@®>} World

¢ I(Oval) = {<@>,<o>}
oI(hat) = {<a B>,<0,0> <mm><0,0>}
e [(Square) = {<A >}




Example Domalin

e [(Fred) = A

» I[(Above) = {<H,A>,<@,O>}
e [(Circle) = {<@>}

e [(Oval) = {<@>,<>>}

e I(hat) = {<A ,B>,<O,0>

<.I->l<‘ c‘>}

 holds(Square(Fred), I) ? |e [(Square) = {<A>}

yes

e holds(Above(Fred, hat(Fred)), I) ? no
e [(hat(Fred)) = m
» holds(Above(a, ®m), I) ? no

e holds(3x. Oval(x), I) ? yes
e holds(Oval(x), Ixe) ? yes




Example Domalin

o I(Fred) = A

« [(Above) = {<mW,A>,<@, >}

e [(Circle) = {<@>}

e [(Oval) = {<@>,<O>}

e [(hat) = {<A B>,<O,0>
<m,m>,<@.0>}

e [(Square) = {<A>}

o holds(vx. 3y. Above(x,y) v Above(y, x), I) ? yes
e holds(3Jy. Above(x,y) v Above(y,x), Ix/a) ? yes
holds(Above(x,y) v Above(y,x), Ixka,y/n) ? yes
 verify for all other values of x

e holds(v X. Vy. Above(x,y) v Above(y,x), I) ? no
» holds(Above(x,y) v Above(y,x), Ix/a,ye) ? NO




Entailment in First Order Logic

» KB entails S: for every interpretation I, if KB holds
inI, then S holds in I

all mterpre\tioqs

/

« Computing entallment is |mpossuble in general,
because there are infinitely many possible
interpretations

» Even computing holds is impossible for
interpretations with infinite universes




Intended Interpretations

KB : (vx.Circle(x) - Oval(x)) A (vx.Square(x) - -0val(x))
S : vx.Square(x) - -0val(x)

. We know hOldS(KB, I) ® I(Ffed) = A
» We wonder whether e I(Above) = {<H,A>,<@.O>)

holds(S, I) e [(Circle) = {<@>}
*» We could ask: e [(Oval) = {<@>,<O>}
Does KB entail S? o I(hat) = {<A B> ,<O,@>

<H,8><@.0>}

» Or we could just try to o I(Square) = {<A>}

check whether
holds(S, I)




An Infinite Interpretation

KB : (Vx.Circle(x) - Oval(x)) A (vx.Square(x) —» -0val(x))
S : vx.Square(x) - -0val(x)

. Uqg = 41,232
* Does KB hOK'j A Il? Ill(circ{le)={4, 80}120 161 }
e Yes, but can’t answer I,(oval) = {2, 4, 6, 8, ...}
via enumerating U 1,(square)={1, 3,5, 7, ...}
e S also holds in I,
e No way to verify
mechanically




An Argument for Entailment
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KB : (vx.Circle(x) - Oval(x)) A (vx.Square(x) - -0val(x))

S, : vx,y. Circle(x) AOval(y) A-Circle(y) -» Above(x, y)

@ I(Fred) = A

e I(Above) = {<l, A>, <@ >}
e [(Circle) = {<@>}

e [(Oval) = {<@>,<O>}

e I(hat) = {<A B> ,<O,0>

Ui =£1,2,3,.3
I,(Circle)={4, 8, 12, 16, ..}
I,(Oval) = {2,4, 6,8, ..}
I,(Square)={1, 3,5, 7, ...}
I,(Above) = >

<H,E>,<9.0>}
e [(Square) = {<A>}

* holds(KB, I)
e holds(S,, I)

* holds(KB, I,)
e fails(S,, I,)

KB doesn’t entail S,!




Proof and Entaillment

12

» Entailment captures general notion of “follows
from”

» Can’t evaluate it directly by enumerating
interpretations

» So, we'll do proofs

o In FOL, if S is entailed by KB, then there is a finite
proof of S from KB




AXxiomatization
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» What if we have a particular interpretation, I, in
mind, and want to test whether holds(S, I)?

* Write down a set of sentences, called axioms, that
will serve as our KB

» We would like KB to hold in I, and as few other
interpretations as possible

*» No matter what,
o If holds(KB, I) and KB entails S,
» then holds(S, I)
o If your axioms are weak, it might be that
* holds(KB, I) and holds(S, I), but
* KB doesn’t entail S




Axiomatization Example

Above(A, C) KB,
Above(B, D)

vx,y. Above(x,y) - hat(y) = x A @

Vvx. (-dy. Above(y, x)) — hat(x) = x

S| hat(A)= A oI,(A) = I
¢.(B) = @
*[L,(C) = A

b hOIdS(Kaz, Iz) .IZ(D) =0

e fails(s, I,) «I,(Above) = {<m,&a>,<@ >,

» KB, doesn’t entail S <A B> <OQ9>}
e[;(hat) = {<A ,B>,<O, @

<@.<>,<m,A>}




KB2 is a Weakling!
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4pretations




Axiomatization Example: Another Try
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Above(A4, C)
Above(B, D)
Vvx,y. Above(x,y) - hat(y) = x

10O

vx. (-3y. Above(y, x)) - hat(x) = x A @

Vvx,y. Above(x,y) - —Above(y, x)

S| hat(A)= A «I;(A) - W
o,(B) = @
*[,(C) =A
o fa||S(KB3, 12) ‘13(0) =0
* holds(KB;, I3) I3(Above) = {<H,A>,<@ O,

» fails(S, 1)
» KB; doesn’t entail S

oIy(hat) = {<A,m>,<o, @

<@ m>}

<@, <m@>’}




Axiomatization Example: One last time
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h Above(A,C)
Above(B, D)
—-x. Above(x, A)
—-x. Above(x, B)

vx,y. Above(x,y) - hat(y) = x
vx. (-3y. Above(y, x)) —» hat(x) = x

KB¢G
A ©

S | hat(A) = A_]

¢ fails(KB,, I;)
» KB, entails S

We'll prove S from KB, later.




