lllustration: 3Blue1Brown

" ecture 12:

Computational Graph
Backpropagation
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Last time...

Multilayer Perceptron

Layer Representation

y; = Wi,

Tiv1 = 0(Y;)

(typically) iterate between
linear mapping Wx and

nonlinear function

Loss function (v, y;)
to measure quality of

estimate so far

PN
XX
7
A
e

!
{

:

hidden layer 1 hidden layer 2
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Last time... Forward Pass

input layer
hidden layer 1 hidden layer 2

- Output of the network can be written as:

D
hi(x) = flvo+ Y xivi)
=1

J
ok(x) = g(Wko+Zhj(X)ij)

(j indexing hidden units, k indexing the output units, D number of inputs)

- Activation functions f , g : sigmoid/logistic, tanh, or rectified linear (RelLU)

B 1 _exp(z) — exp(—2z) B
o(z) = T+ exp(—2)’ tanh(z) = exp(2) T exp(—2) ReLU(z) = max(0, z) 3
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Last time... Forward Pass in Python

- Example code for a forward pass for a 3-layer network in Python:

input layer

hidden layer 1 hidden layer 2

f = lambda x: 1.0/(1.0 + np.exp(-x))
X = np.random.randn(3, 1)

hl = f(np.dot(Wl, x) + bl)

h2 = f(np.dot(W2, hl) + b2)

out = np.dot(W3, h2) + b3

- Can be implemented efficiently using matrix operations

- Example above: W1 is matrix of size 4 x 3, W2 is 4 x 4. What about
biases and W3?

[http://cs231n.github.io/neural-networks-1/] 4
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Backpropagation
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Recap: Loss function/Optimization

airplane -3.45
automobile —8.87
bird 0.09
cat 2.9
deer 4.48
dog 8.02
frog 3.78
horse 1.06
ship -0.36
truck -0.72

-0.51

6.04

5.31 2.605
-4 .22 5.1
-4.19 2.604

3.58 5.99

4.49 -4 .34
-4.37 -1.5
-2.09 -4.79
-2.93 6.14

We defined a (linear) score function:

f(mzawvb) = Wx;+b

TODO:

1. Define a loss function that
guantifies our unhappiness with
the scores across the training
data.

2. Come up with a way of
efficiently finding the
parameters that minimize the
loss function. (optimization)



Softmax Classifier (Multinomial
Logistic Regression)

.cat 3.2
“car 5.1
%frog -1.7



Softmax Classifier (Multinomial
Logistic Regression)

scores = unnormalized log probabilities of the classes.

g= flea W)
.cat 3.2
“car 5.1

frog -1.7



Softmax Classifier (Multinomial
Logistic Regression)

4

-cat 3.2
-car 5.1
frog -1.7

scores = unnormalized log probabilities of the classes.

P(Y — le — a:z) — Z(j‘kes-" where { - - f(ml; W)




Softmax Classifier (Multinomial
Logistic Regression)

scores = unnormalized log probabilities of the classes.

P(Y — kIX — .’,Cl) — 5?";3} whara ’s s f(wz; W)‘

Softmax function
‘cat 3.2
-car 5.1

frog -1.7

10



Softmax Classifier (Multinomial

g Ayrediey leipuy B 17 194-194 Aq apl|s

Logistic Regression)

scores = unnormalized log probabilities of the classes.

P(Y = k|X = CIJz‘) = ZNCJ where S = f(iIJz, W)_

Want to maximize the log likelihood, or (for a loss function)
Wi to minimize the negative log likelihood of the correct class:

3.2 Li = —log P(Y = 4i| X = i)

5.1
-1.7

11



Softmax Classifier (Multinomial
Logistic Regression)

scores = unnormalized log probabilities of the classes.

P(Y =KlLA = CL‘z‘) = ZC,;’ where S = f(a:z, W)_

Want to maximize the log likelihood, or (for a loss function)
Wi to minimize the negative log likelihood of the correct class:

Cat 3-2 ‘Lz’ = — logP(Y — yi\X — :Ez‘)
. i
car 51 insummary: [, = — log( 53- o )

uosuyop unsnr g Ayrediey leipuy B I 104-194 Aq opis

frog -1.7

12



Softmax Classifier (Multinomial
Logistic Regression)

L; = — log(<2%)

z -
. cat 3.2
| car 5.1
: frog =1,

unnormalized log probabilities

13



Softmax Classifier (Multinomial
Logistic Regression)

Li —_ — lOg( Ze:y;sj )

i

. cat 3.2 24.5
car 5.1 i 164.0
E 'fr()g -1 7 018

unnormalized probabillities

unnormalized log probabilities

14



Softmax Classifier (Multinomial
Logistic Regression)

" |__ unnormalized probabilities
. cat 3.2 24.5 0.13
car 5.1 . 1164.0 — 0.87
éﬁfmg -1.7 0.18 0.00

unnormalized log probabilities probabilities

15



Softmax Classifier (Multinomial
Logistic Regression)

Lz‘ = — lOg( Ze:y;sj )

&

: cat 3.2 24.5 |' 0.13 - L—izgc_ff‘m
car 51 —— [164.0—— | 0.87
biwg | »1.7 0.18 0.00

unnormalized probabilities

unnormalized log probabilities probabilities

16



Optimization



GGradient Descent

# Vanilla Gradient Descent
while [rue:
weights grad = evaluate gradient(loss fun, data, weights)

weights += - step size * weights grad # perform parameter update

In 1-dimension, the derivative of a function:

dx h —0 h

df(z) _ . fl+h) - f(a)

In multiple dimensions, the gradient is the vector of (partial derivatives).

original W

e

negative gradient direction
18
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Mini-batch Gradient Descent

- only use a small portion of the training set
to compute the gradient

while :
data batch = sample training data(data, 256)
weights grad = evaluate gradient(loss fun, data batch, weights)
weights += - step size * weights grad

19



Mini-batch Gradient Descent

- only use a small portion of the training set
to compute the gradient

while
data batch = sample training data(data, 256) -
weights grad = evaluate gradient(loss fun, data batch, weights)
|weights += - step size * weights grad - I
W

there are also more
fancy update formulas
(momentum, Adagrad,
RMSProp, Adam, ...)

uosuyop unsnr g Ayrediey leipuy B I 104-194 Aq opis

20
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The effects of different update
form formulas

\\\\\ T s
N SGD

N st 2

- Momentum

== NAG
Adagrad
Adadelta
Rmsprop

anrrrrrry

(image credits to Alec Radford)
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LOSS

25

20

o

00
0

Example of optimization progress while
training a neural network.

(Loss over mini-batches goes down
over time.)

22
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Loss

25

20

15

o

o
=

o
s
&
2
2
]

Epoch

I3

The effects of step size (or “learning rate”)

loss

low learning rate

high learning rate

good learning rate

epoch

23



Computational Graph

f Wa

Li =} ., max(0,s; — sy, + 1)

@

A

\/

24
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Convolutional Network

AlexNet

iInput Image

weights

loss

T
v

Dunoe

Jijood
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P —_—am ¢
e
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i
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Neural Turing Machine

iInput tape

loss

L

20
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

f

12

27
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

99 _

f

12

of af
f=gqgz g <5 By 4
o of of of
Want: 8_337%, s

28
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

q=—+Y Om_l(?y 1
of Bf
f:qz B_q ’('?z —4q

Want: ﬁ ﬂ ﬁ
ox’ Oy’ 0z

$ )42
y 9
12
4
z -4 /
[
o
of

29



uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

q=—+Y Om_l(?y 1
of Bf
f:qz B_q ’('?z —4q

Want: ﬁ ﬂ ﬁ
ox’ Oy’ 0z

30
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

g=z+y o =1, 6‘y =1
of Bf
f=gqgz g <5 By 4
Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z

$ )42
y 9
f -12
1
Z 4
<\
—
of
0z

31
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

g=z+y o =1, 6‘y =1
of Bf
f=gqgz g <5 By 4
Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z

F-12
T
z -4
3 «—_
—
of
0z

32
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

_ 99 _
of Bf
f=gqgz g <5 By 4

Want: ﬁ ﬂ ﬁ
ox’ Oy’ 0z
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

_ 99 _
q=—+Y o 1 8y o |
of af
f=gqgz g <5 By 4
Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z

34
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

q=—+Y O:c_lﬁy 1
of Bf
f:qz B_q ’Bz —4q

Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

_ 99 _
of Bf
f=gqgz g <5 By 4

Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

_ g
g=&1TY 5 =1, ay = |
of _ _ 0of
f=qz ag 8z 4 Chain rule: %y
ﬁ: Of oq
Want: ﬁ ﬁ ﬁ % % %
oz * 7 0z
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

dq

q=—+Y O:c_lﬁy 1
of Bf
f:qz B_q ’Bz —4q

Want: ﬁ ﬁ ﬁ
ox’ Oy’ 0z
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f(z,y,2) = (z +y)z
eg.x=-2,y=95,z=-4

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

g=z+Yy gi =1,5 5 = L
i, i,
f=qz 3—5 3 3£ q Chain rule: Oz
of _ 0f 0q
Want: ﬁ ﬁ ﬁ Ox 0q Oz

oz * 7 0z
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activations

T

AN

40
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e

activations

7@ gradient”

0z
ox
f
0z
Oy
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activations
A b

\ 7@ gradient”
0z
Oz >
f
0z oL
Oy 0z

\ (5
%\
gradients




uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

activations

\ “local gradient”
=
<~

2 9Oz
5\ % ox >
O, f
<
ge AL
dy

. 4
% =
gradients
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activations

Oz
dy

“local gradient”
~ 0z
or

f

&

oL
0z

gradients
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activations

“local gradient”
~ 0z
ox
Oz oL
v\ |0y B
Y = 0z
oL % .
a0y gradients

&
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Another example: f(w,z)=

w0 2.00
X0 -1.00

w

1

1te —(wozg+wiz1+ws)

X1

w2 -3.00

46
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1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

d
P 7 é a f(z) = é ~ % =-1/a’
e o+ B | s 0 0a Eo

47
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1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

d
f(z)=e” = é:em f(a:):% % —1/2*
fule) =az - Voo | r@=c+e /g
48
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1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

=
( 1.37°

)(1.00) = —0.53

f(z) =¢€” 5 %:ex f(:z:)zé - % —1/2°
fo(z) = az — %Ia fize)=e1% — gzl

49
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1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

100 o] 88 Ny 187 0.73
@ \+_1/ -0.53 X 1.00
d
F.AE) =ar — d_;:t:a f(z)=c+a = % 1
50



uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

1

= 1 +e—(womg+w1m1+w2)

Another example: f(w,z)

w0 2.00

037 /SN a7 0.73
- +1 }— 1/x
053 \__/ -053 / 1.00

i N T | fw=1 - o
ol =0 2 %—a fo(@)=c+z — g- 1

51
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1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

0.37 1.37 0.73
055 (D )5\ X5
. df iy 1 df 2
df df
F.lz) —nz — T el fol@)=c+z - o 1
52



1

1te —(wozg+wiz1+ws)

Another example: f(w,z)=

w0 2.00

(e71)(—0.53) = —0.20

1.00 4\ ], -1.00 @ 037 {7\ 187 /7% 073

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis

A/ 020 \U/ -053 -0.53 1.00
pe > T || r@-=1 5 Y
o) =0z =2 Z—i—a flx)=c+z - g—l

53



Another example: f(w,z) 1

= 1 +e—(w0mg+w1m1+w2)

w0 2.00

-1.00

-0.20
sl - T | fw-1
fu(z) = az - Voo || r@=c+e

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis




Another example: f(w,z) 1

= 1 +e—(w0mg+w1m1+w2)

w0 2.00

(-1) * (-0.20) = 0.20

sl - T | fw-1
fu(z) = az - Voo || r@=c+e

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis
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1

Another example: f(us) ~ ——
w0 2.00
4.00
il | 2os S0 o S TN 9 0.73
0.20 \) 020 P05 kﬂ/ 055 X0
w2 -3.00 //
5 af . 1 d
flz)=e — Tw f(m):E — %——1/:1:2
f.(z) =ax =3 %—a f(z)=ct+z s %:' 1
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1

= 1 +e—(womg+wlml+w2)

Another example: f(w,z)

w0 2.00

[local gradient] x [its gradient]
[1] x [0.2] = 0.2

4.00 [1] x [0.2] = 0.2 (both inputs!)
0.20

100 f A3\ 100 28y 037 ) 187 ARy 073

020 |\__/ 020 \./ 053 \__./ -053 1.00
w2 -3.00 //
0.20
z d 7 1 d
flaje — é:e f(m):E =¥ %:—1/332
fo(z) = az — %:a f.(x)=eét= s %:1

o7
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1

= 1 +e—(w0mg+w1m1+w2)

Another example: f(w,z)

w0 2.00

0.73
1/X 1.00
0.20
d
flz) = e > Lo | =L 5 A e
g df g af
T.(z) =az — o ok f.(x)=c+x — e 1
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1

= 1 +e—(womg+wlml+w2)

Another example: f(w,z)

w0 2.00
[local gradient] x [its gradient]
x0:[2] x[0.2] =0.4

wO: [-1] x [0.2] =-0.2

0.20

uosuyop unsnr g Ayrediey [eupuy @ I 1o4-104 Aq opis
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_ 1 1 o .
flw,z) 1 + o (wozotwiz +wy) glz) = {7 o3 sigmoid function
do(x) e " 1+e*—1 1
dx B a2 1 —T (1 = g (1 o 0'((8))0’(33)
(1+e77) e T e

w0 2.00

sigmoid gate

* 300 /oo 037 o\ W3 s oy] B3
_@ 020 P53 @ 0.53 Q/X/ 1.00

0.20
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_ 1 1 o .
flw,z) 1 + o (wozotwiz +wy) glz) = {7 o3 sigmoid function
do(x) e " 1+e*—1 1
dr T ( 1 —z ) (1 —-a:) = (1—o(z))o(z)
(1+e77) e T e

sigmoid gate

)00 S 037 A9\ 137 A4
020 \_./ -053 \__/ -053 1.00

(0.73)* (1 - 0.73) = 0.2
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Patterns in backward flow

- add gate: gradient distributor
- max gate: gradient router
- mul gate: gradient... “switcher”?

x 3.00

62
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Gradients add at branches

63
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Implementation: forward/backward API

Graph (or Net) object.
(Rough pseudo code)

class ComputationalGraph(object):

- A
def forward(inputs):
# 1. [pass inputs to input gates...]
# 2. forward the computational graph:
for gate in self.graph.nodes topologically sorted():
gate.forward()
return loss # the final gate in the graph outputs the loss
def backward():
for gate in reversed(self.graph.nodes topologically sorted()):
gate.backward() # little piece of backprop (chain rule applied)

return inputs gradients

64
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Implementation: forward/backward API

e

y

(X,y,z are scalars)

. e | ’
] 8 /1
] LIJLYVY

Z = X*y

ste(object):

def forward(x,y):

return 2z

# dx =
# dy =

def backward(dz):
... #todo
... #todo

return [dx, dy]
V-

L
Ox

OL
0z
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Implementation: forward/backward API

(X,y,z are scalars)

class MultiplyGate(object):

d

d

e

.f:

T:

forward(x,y):

Z = X*y

self.x = x # must keep these around!
self.y = y

return z

backward(dz):

dx = self.y * dz # [dz/dx * dL/dz]
dy = self.x * dz # [dz/dy * dL/dz]
return [dx, dy]
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Summary

- neural nets will be very large: no hope of writing down
gradient formula by hand for all parameters

- backpropagation = recursive application of the chain rule
along a computational graph to compute the gradients of
all inputs/parameters/intermediates

- Implementations maintain a graph structure, where the
nodes implement the forward() / backward() API.

- forward: compute result of an operation and save any
intermediates needed for gradient computation in memory

- backward: apply the chain rule to compute the gradient of
the loss function with respect to the inputs.
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Where are we now...

Mini-batch SGD

Loop:

1.Sample a batch of data

2.Forward prop it through the graph, get loss
3.Backprop to calculate the gradients
4.Update the parameters using the gradient

68



Next Lecture:

Introduction to Deep Learning



