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Abstract—This study presents an adaptive inverse com-
pensation control of a flexible single-link manipulator with
an unknown dead-zone and actuator faults. First, a dead-
zone inverse model and a smooth inverse operator are
constructed to address dead-zone nonlinearity. Second, an
adaptive fault-tolerant control is utilized to compensate for
the partial loss of the effectiveness of the actuator. Third,
the coupling errors of the dead-zone and faults are effec-
tively removed and resolved by introducing an estimate for
unknown bounds. Then, the direct Lyapunov theory is used
to guarantee uniformly ultimately bounded stability in the
controlled system. Finally, the simulations and experiments
demonstrate the efficiency of the presented method.
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I. INTRODUCTION

W ITH the development of technology, robot manipula-
tors have been broadly applied to agriculture, industry,

medicine, national defense, and other fields [1]. In comparison to
rigid manipulators [2], the flexible manipulators have a broader
application characterized by their light weight, lower energy
wastage, and fast speed, and they have garnered significant
attention over the past few years [3]. Nevertheless, the flexibility
of the structure may cause oscillation and deformation during
the task, which may affect the control precision and shorten
the service life. Thus, developing efficient vibration elimination
schemes is important.

Owing to nonintrusive sensing and actuation, boundary con-
trol (BC) is an applicable and practical method for stabilizing
flexible manipulators [4], [5]. Recently, significant advances
have been achieved in the BC of flexible manipulators [6], [7],
[8], [9], [10]. In [6], a BC mounted on a hub was established
to guarantee that the system states converged exponentially to
a stable position under ideal conditions. In [7], considering
input backlash, a BC was designed to track the target angle
and eliminate vibrations. A boundary output feedback control
was presented for an input-saturated flexible manipulator, and
a set of observers was introduced to observe the immeasurable
system states in [8]. In [9], for an externally disturbed flexible
manipulator, a BC was established at the tip of the link to restrain
elastic vibration, and the torque input regulated the joint position.
An adaptive neural network (NN) BC was proposed in [10] to
address modeling uncertainties and input constraints in flexible
manipulators.

Dead-zone nonlinearity is ubiquitous in actuators of physical
control systems, such as motors, valves, and hydraulic compo-
nents, with the characteristic that the system does not respond
to a given input until it reaches a specific level. Ignoring the
dead-zone may contribute to unacceptable performance dur-
ing controller design. In recent years, numerous approaches
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have been proposed to eliminate dead-zone effects. In [11],
an NN control was established to eliminate the dead-zone
effects. Owing to its strong robustness and anti-interference
ability, sliding-mode control was exploited to address dead zones
in [12]. In [13], dead-zone was perceived as a bounded extrinsic
disturbance, and adaptive fuzzy controllers were developed to
cope with it. In addition, adaptive inverse compensation is
considered another effective method for handling dead-zone
nonlinearity [14], [15]. In [16], a smooth dead-zone inverse
projection was presented to avoid chattering. Moreover, a novel
backstepping compensation control was constructed for accom-
modating uncertain dead-zone in nonlinear systems [17]. In [18],
a new composite adaptive control was established for a dynam-
ically positioning vehicle by constructing inverse compensating
terms, and the constraints from dead-zone nonlinearity could
be effectively released. Despite the adaptive inverse control for
finite-dimensional systems with dead-zone nonlinearity having
been successfully attained in the aforementioned studies, there
are no results available concerning the inverse compensation
control for infinite-dimensional flexible manipulator systems
constrained by dead-zone nonlinearity; this presents the mo-
tivation for our research.

In practice, actuator faults universally occur when operating
in control mechanisms, which generally affect the control per-
formance of the plant and may cause accidents. Over the past
decade, several mature control strategies have been established
to ensure acceptable and stable performance of systems with
actuator faults, such as learning control [19], observer-based
control [20], [21], and sliding-mode control [22], [23]. In ad-
dition, adaptive fault-tolerant control (FTC) (AFTC) has been
broadly utilized to compensate for unknown failures or faults
in nonlinear systems, owing to its strong ability to compensate
and robustness of faults [24], [25], [26]. Meanwhile, the AFTC
for flexible manipulators has achieved tremendous progress.
In [27], an AFTC was put forward for flexible-rigid manip-
ulators with state constraints. In [28], a flexible manipulator,
including piezoelectric controllers installed at the flexible link
and a direct current (DC) motor at the joint, was investigated,
and an adaptive compensation method was employed to ac-
commodate an infinite number of actuator failures. An AFTC
strategy was established for flexible manipulators with actuator
faults in an infinite number [29]. To the best of authors’ knowl-
edge, despite the significant advances having been achieved
in AFTC for flexible manipulator systems, there is a paucity
of research on AFTC to compensate for the hybrid effects of
unknown dead-zone nonlinearity and actuator faults in flexi-
ble manipulator systems, thus inspiring us to conduct further
exploration.

Motivated by the described analysis and summary, we aim to
investigate the control problem for a flexible manipulator with
dead-zone nonlinearity and actuator faults. The main contribu-
tions of this study are as follows.

1) Compared with the present flexible structure control [10],
[30] that considered the input nonlinearity as an external
bounded disturbance, we introduce smooth dead-zone in-
verse dynamics to better tackle the dead-zone nonlinearity
in a flexible manipulator system; then, the dead-zone

Fig. 1. Structural diagram of the flexible manipulator.

characteristic is reformulated in the form of an expected
control signal and a small bounded error through deriva-
tion.

2) Different from the work in [29], an adaptive fault com-
pensation factor without projection is used in this study.
In contrast with [18], [28], which used robust adaptive
compensation to dispose of the effects of actuator faults or
unknown dead-zone, a smoother adaptive compensation
updating law of unknown bounds is developed to address
the resulting coupling of the bias faults and dead-zone,
which avoids complexity and achieves a good perfor-
mance.

3) The direct Lyapunov method is adopted to guarantee the
controlled system stability, and numerical simulations
with the comparison of other methods validate the control
performance. Furthermore, an experimental investigation
based on the Quanser flexible link system proves the
practicability and efficacy of the proposed scheme.

Notation: Hereinafter, R and R+ denote the sets of real
numbers and positive real numbers, respectively. Ra×b repre-
sents the sets of all real a× b matrices. A positive symmetric
matrix expresses as E � 0. λmax(E) stands for the maximum
eigenvalues of the matrix. To simplify the expression, some sym-
bols are defined as follows: (◦) = (◦)(z, t), (◦)′ = ∂(◦)/∂z,
(◦̇) = ∂(◦)/∂t, (◦)′′ = ∂2(◦)/∂z2, (◦̈) = ∂2(◦)/∂t2, (◦)′′′ =
∂3(◦)/∂z3, (◦)′′′′ = ∂4(◦)/∂z4, (◦)0 = ◦(0, t), (◦)l = ◦(l, t),
and ◦̃ = ◦ − ◦̂.

II. PROBLEM STATEMENT AND PRELIMINARIES

A. Dynamic Model of the Flexible Manipulator

The geometry of flexible manipulator systems is depicted in
Fig. 1, in which the coordinate axes ZOY and z0oy0 repre-
sent the global and local rotating inertial coordinate systems,
respectively. t and z denote the independent time and space
variables, respectively. The length of the link is l,ω(z, t) denotes
the elastic deflection in the rotating inertial coordinate system,
f(z, t) is the external disturbance, θ(t) denotes the angle, u(t)
represents the actuator input, and γ(z, t) = zθ(t) + ω(z, t) de-
notes the total displacement of the link in the coordinate axis
ZOY .
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First, the system’s dynamical model is presented as fol-
lows [7]:

ργ̈(z, t) + cγ̇(z, t) = −EIω′′′′(z, t) + Tω′′(z, t) + f(z, t)

∀(z, t) ∈ (0, l)× [0,+∞) (1)

EIω′′′(l, t) = Tω′(l, t) (2)

ω(0, t) = ω′(0, t) = ω′′(l, t) = 0 (3)

and the angle position dynamics are formulated as

Iθ̈(t) = EIω′′(0, t) + Tω(l, t) + u(t), t ∈ [0,+∞) (4)

where EI , c, T , and ρ describe the bending stiffness, viscosity
coefficient, tension, and density, respectively.

B. Actuator Faults and Dead-Zone Nonlinearity Analysis

According to [31], the actuator fault expression is described
as

u(t) = σuf (t) + us(t) (5)

where σ ∈ (0, 1] denotes an unknown effectiveness coefficient
and us(t) represents an unknown function representing the bias
fault. Notably, the total loss of effectiveness is not considered
because only one actuator is in the system.

Remark 1: Several prior studies have extended the different
classes of FTC. For example, 1) Fault accommodation [32]:
The system can keep good performance by adjusting controller
parameters to adapt the parameters of the faulty plant. 2) Control
reconfiguration [32]: The corresponding redundant components
are needed to keep the system running when the accommodation
cannot be used similarly to the actuator breakdown. In this
study, we employ fault accommodation to handle the fault in
the actuator.

As aforementioned, the dead-zone is universal in dc motors
and the characteristic DZ(•) can be expressed as follows [33]:

uf (t)=DZ(�(t)) =

⎧⎨⎩
mr(�(t)− kr), if �(t) ≥ kr
0, if kr < �(t) < kl
ml(�(t)− kl), if �(t) ≤ kl

(6)
where mr > 0 and ml > 0 denote the slopes of the lines with
|mr| 
= |ml|, kr > 0, and kl < 0 are the break-points with
|kr| 
= |kl|. �(t) describes a desired actuator input to be de-
signed, and uf (t) denotes an actual actuator output influenced
by dead-zone. Then, a dead-zone inverse dynamics model is
introduced as follows:

�(t) =
uf +mrkr

mr
Φr(uf ) +

uf +mlkl
ml

Φl(uf ) (7)

where smooth functions Φr(uf ) and Φl(uf ) are defined as

Φr(uf ) =
1 + tanh(τuf )

2
, Φl(uf ) =

1− tanh(τuf )

2
(8)

with τ being a positive constant.
To facilitate this illustration, we parameterize the dead-zone

model (6) as

uf (t) = ψT ν (9)

where

ψ = [mr,mrkr,ml,mlkl]
T (10)

ν = [μr(t)�(t),−μr(t), μl(t)�(t),−μl(t)]T (11)

μr =

{
1, if uf (t) > 0
0, otherwise,

μl =

{
1, if uf (t) < 0
0, otherwise.

(12)

Notably, the parametersmr,ml, kr, and kl in (10) are unknown
and ν in (11) is unavailable in practice. To address the dead-zone
parameter uncertainties, the expected actuator input in (7) can
be expressed as

�(t) =
ur + ̂mrkr

m̂r
Φr(ur) +

ur + ̂mlkl
m̂l

Φl(ur) (13)

where the actual control input ur is designed in Section III.
Besides, ψ̂ is an estimation of ψ, and ψ̂ and ν̂ are defined as

ψ̂ = [m̂r, ̂mrkr, m̂l,̂mlkl]
T (14)

ν̂ = [Φr(�)�(t),−Φr(�),Φl(�)�(t),−Φl(�)]T . (15)

Hence, according to (13)–(15), the actual control input is rewrit-
ten as

ur(t) = ψ̂T ν̂. (16)

Moreover, invoking (9) and (16), we formulate the compensation
error as

uf (t)− ur(t) = (ψ − ψ̂)T ν̂(t) + de(t) (17)

where de(t) = ψT (ν̂ − ν), and by invoking [16], we determine
that |de(t)| is upper bound, which can be obtained as

|de(t)| ≤

⎧⎪⎨⎪⎩
1
2e

−1|mr −ml|/τ + |mrkr−mlkl|
e2krτ+1

, if �(t) ≥ kr
1
2e

−1|mr −ml|/τ + |mrkr−mlkl|
e−2klτ+1

, if �(t) ≤ kl
max {mr,ml}| kr − kl| , otherwise.

(18)
Remark 2: When kl < �(t) < kr, de(t) is bounded. When

� exceeds this range (kl, kr), the bound on de(t) decreases
as τ increases. Thus, de(t) is bounded when t ≥ 0 and de(t)
approaches zero as τ → +∞.

Thus, by combining (5) and (17), the actual fault model is
expressed as

u(t) = σur(t) + σψ̃T ν̂ + σde(t) + us(t). (19)

C. Preliminaries

This section presents the following assumptions, remarks, and
lemmas for promoting follow-up analysis.

Assumption 1 [34]: There exists a constant f̄ ∈ R+ sat-
isfying |f(z, t)| ≤ f̄ , ∀(z, t) ∈ (0, l)× (0,+∞). Because the
energy of the disturbance f(z, t) is finite, this assumption is
considered reasonable.

Assumption 2 [18]: For the dead-zone parameters mr and
ml, positive constants mr and ml satisfy mr ≥ mr > 0 and
ml ≥ ml > 0. For the bias fault, there exists a positive constant
ūs satisfying |us| ≤ ūs.

Remark 3: From the point of view of mathematics, the flex-
ible manipulator is a distributed parameter system (DPS) with
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infinite-dimensional state spaces, and the motion of the system is
described by variables depending on both time and space. DPSs
are generally affected by distributed disturbances. It means that
the DPS may suffer varying degrees of external effects in distinct
times and spaces. f(z, t) in Assumption 1 is the distributed
disturbance on the flexible manipulator, which is related to the
variables of time t and space z, and is caused by the effects of
the gust of wind in complex environments.

Lemmas 1–3 are provided in Appendix A.

III. CONTROL DESIGN

This article proposes the design of an adaptive inverse com-
pensation FTC to compensate for the effects of unknown dead-
zone and actuator faults such that the elastic deflection ω(z, t)
is suppressed and the tracking error is uniformly ultimately
bounded.

A. Control Design

The actual control input is proposed as follows:

ur(t) = −p̂ud (20)

where p̂ represents an estimate of p with p = 1
σ , and ud is given

as

ud(t) = b1α+ (b2 + T )ωl + βIθ̇(t) + bθ[θ(t)− θr]

+
αΘ̂2√

α2Θ̂2 + ζ2(t)
(21)

where b1, b2, η, bθ > 0, α is defined as α = θ̇ + η[θ(t)− θr],
ζ(t) is a positive and monotone decreasing function, and Θ̂
denotes the estimation of the upper bound Θ defined as Θ =
sup|σde(t) + us(t)|, t ∈ [0,+∞). At this moment, we con-
struct the adaptive updating laws as

˙̂
ψ = Proj {δαν̂} (22)

˙̂
Θ = α− �1Θ̂ (23)

˙̂p = αγaud − �2p̂ (24)

where �1, �2, and γa are positive constants, δ ∈ R4×4 � 0.
Proj{•} is the projection mapping operator described in [35]

Proj {•} =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

•, if ψ̂ ∈ Π̊
or ∇ψ̂PT • ≤ 0(
• − Γ

∇ψ̂P∇ψ̂PT
∇ψ̂PTΓ∇ψ̂P •

)
, if ψ̂ ∈ Π̄

and ∇ψ̂PT • > 0

(25)

where Π̊ and Π̄ denote the interior and the boundary of the set
Π ∈ R, respectively. ∇ψ̂P represents an outward normal vector

at Π̄. Proj{•} is used to ensure that the value of ψ̂ is restricted
within a certain range, Γ � 0.

Remark 4: Fig. 2 depicts the chart of the controlled system.
The signals θ(t) and ωl are available directly by the encoder

Fig. 2. Diagram of the controlled system.

and strain gauge. Moreover, the angle velocity θ̇(t) is calculated
employing the measured θ(t).

B. Stability Analysis

Now, the Lyapunov function candidate is defined as

Va(t) = Va1(t) + Va2(t) + Va3(t) + Va4(t) (26)

where

Va1(t) =
1

2
ρ

∫ l

0

γ̇2dz +
1

2
EI

∫ l

0

ω′′2dz

+
1

2
T

∫ l

0

ω′2dz (27)

Va2(t) =
1

2
Iα2 +

1

2
bθ[θ(t)− θr]

2 (28)

Va3(t) = ηρ

∫ l

0

γ̇(z, t)γd(z, t)dz (29)

Va4(t) =
σ

2
ψ̃T δ−1ψ̃ +

σ

2γa
p̃2 +

1

2
Θ̃2 (30)

where γd(z, t) = ω + z[θ − θr] and γ̇(z, t) = γ̇d(z, t).
Lemma 4: The Lyapunov function (26) has upper and lower

boundaries as follows:

0 ≤ Λ1[V (t) + Va4(t)] ≤ Va(t) ≤ Λ2[V (t) + Va4(t)] (31)

with Λ1 and Λ2 being positive constants.
Proof: Refer to Appendix B.
Lemma 5: The differentiation of (26) has the following upper

bound:

V̇a(t) ≤ −ΛVa(t) + ε (32)

where Λ, ε > 0.
Proof: Refer to Appendix C.
Theorem 1: For flexible manipulator systems affected by

dead-zone and actuator faults, under the established control (20)
and (21), the adaptive updating laws (22)–(24), and bounded
initial conditions, by properly selecting the designed parameters
to satisfy constraints (52)–(55), we conclude that the system
states are bounded and converge to a small neighborhood of
origin.

Proof: Multiplying (32) by eΛt yields

∂

∂t
[Va(t)e

Λt] ≤ εeΛt. (33)
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Integrating (33) gives

Va(t) ≤
[
Va(0)− ε

Λ

]
e−Λt +

ε

Λ
. (34)

Using Lemma 2 and (27) yields

1

2l
ηTω2 ≤ η

2
T

∫ l

0

ω′2dz ≤ Va1(t) ≤ 1

Λ1
Va(t). (35)

Substituting (35) into (34) results in

|ω(z, t)| ≤
√

2l
ηTΛ1

[
Va(0) +

ε

Λ

]
, ∀(z, t) ∈ [0, l]× [0,+∞).

(36)

Furthermore, we have

lim
t→+∞ |ω(z, t)| ≤

√
2lε

ηTΛ1Λ
∀z ∈ [0, l]. (37)

Similarly, from (28), we have

|θ(t)− θr| ≤
√

2l
bθΛ1

[
Va(0) +

ε

Λ

]
∀t ∈ [0,+∞). (38)

Then, we arrive at

lim
t→+∞ |θ(t)− θr| ≤

√
2lε

bθΛ1Λ
. (39)

Remark 5: The parameter settings must satisfy Lemma 4 and
constraint conditions (52)–(55). The following selection process
for parameters is provided. First, an appropriate parameter η is
chosen to guarantee Lemma 4. Next, selecting suitable param-
eters φ1, φ2, φ3, b2, and b1 makes (52), (53), and (55) hold.
Then, we determine proper φ4 and bθ to satisfy (54). Moreover,
according to (57), we can infer that the convergence speed gets
faster and the convergence region becomes smaller as bθ, b2, �1,
and �2 increase and b1 decreases. During the parameter adjust-
ing, appropriate values of η, bθ, b2, �1, b1, and �2 are suitably
tuned until excellent transient and steady-state performance is
acquired. Above can provide a reference to the design parameter
selection for adjusting the control performance.

Remark 6: In this study, our main concern lies in address-
ing the unknown dead-zone and actuator faults in the flexible
manipulator system. The parameter adjusting method stated in
Remark 5 is mainly based on the individual experience due to the
ease of execution, and how to establish systematic approaches
for the most appropriately selecting design parameters remains
an open issue and will be a future research direction.

IV. NUMERICAL SIMULATION

We demonstrate the efficacy of the presented dead-zone in-
verse FTC (DIFTC) on MATLAB using the finite difference
method and the system parameters are listed in Table I. The
initial states of the flexible manipulator are set as θ(0) = 0
rad, ω(z, 0) = 0.5z2 m, θ̇(0) = 0 rad/s, and ω̇(z, 0) = 0 m/s.
The reference signal θr is set to θr =

π
6 rad. The param-

eters selected for the DIFTC are b = 0.28, b1 = 0.01, η =
0.05, bθ = 4.5, and ζ(t) = 0.3e−0.1t. The parameters of the
adaptive laws are selected as ψ̂(0) = [1.1, 0.22, 1.2,−0.23]T ,

TABLE I
SYSTEM PARAMETERS

Fig. 3. Angular trajectory with different control methods.

Fig. 4. Boundary deformation with different control methods.

Θ̂(0) = 0.3, γ = 5, �1 = 0.1, and �2 = 5. The set Π is

given as Π := {ψ̂ ∈ R4×1|0.8 ≤ m̂r ≤ 1.2, 0.17 ≤ ̂mrkr ≤
0.23, 0.8 ≤ ml ≤ 1.2,−0.25 ≤ ̂mlkl ≤ −0.18}. The fault and
dead-zone parameters areσ = 0.3,us(t) = 0.05e−0.1t,mr = 1,
ml = 1.1, kr = 0.2, and kl = −0.2, respectively. The actuator
u(t) suffers faults at 0.5 s.

To further verify the control performance, the BC [6], propor-
tion differentiation control (PDC), and adaptive fault-tolerant
BC (AFTBC) [30], are compared with the DIFTC, and Figs. 3–5
depicts simulation results. Table II gives the performance index
of different methods based on the integral square error (ISE),
integral time square error (ITSE), and integral time absolute
error (ITAE).

Remark 7: The BC method in [6] does not consider the
dead-zone and actuator faults. The PDC method is similar to
a model-free approach based on the error and its derivative.
The AFTBC regards the dead-zone as an external bounded
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TABLE II
COMPARISON OF DIFFERENT APPROACHES IN SIMULATION, ISE, ITSE, ITAE AS PERFORMANCE INDEX

Fig. 5. Control signal with different control methods.

disturbance that is addressed by employing the robust adaptive
method. The proposed strategy adopts the inverse operator and
adaptive coefficient compensation to resolve unknown dead-
zone and actuator faults.

The angle tracking and boundary deformation damping for
the flexible manipulator with dead-zone and actuator faults
are displayed in Figs. 3 and 4. As illustrated in Fig. 3, with
the BC strategy, there is a slightly larger overshoot, and the
steady-state tracking error is unacceptable under the PDC and
BC, resulting in unsatisfactory performance. There is a lesser
overshoot with AFTBC; however, the tracking error is not very
satisfying. In contrast, with the DIFTC, the angular position
can asymptotically track the desired trajectory. Meanwhile, it
can be observed that under these methods, the deformation can
converge around zero within 1 s. Under the BC and PDC, the
deformation converges at a relatively fast speed. The suppression
performance of boundary deformation with AFTBC and DIFTC
is seen to be basically consistent. Note that, although the defor-
mation is convergent under BC, PDC, and AFTBC, the angular
position tracking performance is unsatisfactory. The control
inputs are described in Fig. 5, and it is evident that the dead-zone
nonlinearity is sufficiently compensated. The performance index
table verifies the abovementioned analysis.

On the basis of the abovementioned results, we conclude that
even if the system is affected by actuator faults and an unknown
dead-zone, the suggested control can still maintain the excellent
performance of the angular tracking and vibration suppression.

V. EXPERIMENT

To further validate the control performance, physical experi-
ments are conducted on the Quanser experimental platform, as
displayed in Fig. 6. The comparison is similar to the simulation.

Fig. 6. Rotary flexible link system.

Fig. 7. Angular trajectory with different control methods under 30%
partial loss of effectiveness.

TABLE III
COMPARISON OF DIFFERENT APPROACHES IN SIMULATION, ISE, ITSE,

ITAE AS PERFORMANCE INDEX

In addition, we consider different partial losses of effectiveness.
Under 30%, 50%, and 70% partial loss of effectiveness of the
actuator, the responses of the angular position are depicted in
Figs. 7–9. Table III gives the performance index of different
methods based on the ISE, ITSE, and ITAE.
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Fig. 8. Angular trajectory with different control methods under 50%
partial loss of effectiveness.

Fig. 9. Angular trajectory with different control methods under 70%
partial loss of effectiveness.

The flexible system with actuator faults and an unknown dead-
zone cannot reach the desired angle under the BC and PDC, and
the tracking error increases as the partial loss of effectiveness
increases, implying that the performance is seriously affected.
In contrast, the angular tracking can be achieved at 1 s under
the AFTBC and DIFTC when meeting different partial losses
of effectiveness. Note that, the AFTBC has a larger steady-state
error, which can be determined from Table III and the figures.
Furthermore, as shown in Fig. 10, the deformation of the link
tip can converge to a small neighborhood of zero with DIFTC.

On the basis of the simulation and experimental examples,
we conclude that the proposed algorithm can better stabilize the
flexible manipulator system with actuator faults and dead-zone
nonlinearity with an excellent performance.

VI. CONCLUSION

To achieve an angle-tracking performance and attenuate the
vibration of flexible manipulators with actuator faults and an un-
known dead-zone, an adaptive inverse compensation FTC strat-
egy was developed. Smooth dead-zone inverse dynamics were
adopted to compensate for dead-zone nonlinearity. An unknown
upper-bound adaptive compensation strategy was constructed to
offset the effects of compensation errors and actuator bias faults.
The uniformly ultimately bounded stability of the controlled
system was demonstrated using the Lyapunov’s direct method.

Fig. 10. Boundary deformation with the DIFTC under 70% partial loss
of effectiveness.

Simulation and physical experiments were finally performed to
verify the efficacy of the DIFTC. The sensor faults [36] and
boundary constraints [37], [38], [39] in flexible manipulators
will be an interesting topic in a follow-up study.

APPENDIX A

Lemma 1 [40]: Let υ1(z, t) and υ2(z, t) ∈ R with ∀(z, t) ∈
[0, l]× [0,+∞) and ι > 0. Then, we derive

υ1υ2 ≤ |υ1υ2| ≤ ιυ21 +
1

ι
υ22 . (40)

Lemma 2 [41]: If there is a variable ω(z, t) with ∀(z, t) ∈
[0, l]× [0,+∞) satisfying ω(0, t) = 0, we then derive

ω2 ≤ l

∫ l

0

ω′2dz,
∫ l

0

ω2dz ≤ l2
∫ l

0

ω′2dz. (41)

Lemma 3 [42]: For any variable χ and positive scalar ζ, the
following inequality holds:

0 ≤ |χ| − χ2√
χ2 + ζ2

< ζ (42)

if ζ is a positive continuous and bounded function with ζ(t)

satisfying limt→∞
∫ t
t0
ζ(t)dt ≤ ζ̄ <∞, where ζ̄ is a positive

constant, then the abovementioned inequality still holds.

APPENDIX B

Proof: Invoking Lemmas 1 and 2, we obtain

|Va3(t)| ≤ ηρ

∫ l

0

|γ̇ω|dz + ηρl

∫ l

0

|γ̇[θ(t)− θr]|dz

≤ ηρ(1 + l)

2

∫ l

0

γ̇2dz +
ηρl2

2

∫ l

0

ω′2dz

+
ηρl2

2
[θ − θr]

2 ≤ β1(V (t) + Va4(t)) (43)

where β1 = ηmax{(1 + l), ρl
2

T ,
ρl2

bθ
}, and

V (t) = Va1(t) + Va2(t). (44)

Let β1 satisfy 0 < β1 < 1, we arrive at

0 ≤ Λ1(V (t) + Va4(t)) ≤ Va(t) ≤ Λ2(V (t) + Va4(t)) (45)

with Λ1 = 1 − β1 and Λ2 = 1 + β1.
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APPENDIX C

Proof: Differentiating (26), we get

V̇a(t) = V̇a1(t) + V̇a2(t) + V̇a3(t) + V̇a4(t). (46)

First, integrating by parts and invoking (40) and (41), V̇a1 is
obtained as

V̇a1(t) = ρ

∫ l

0

γ̇γ̈dz + EI

∫ l

0

ω′′ω̇′′dz + T

∫ l

0

ω′ω̇′dz

= T

∫ l

0

zθ̇ω′′dz − c

∫ l

0

γ̇2dz − EIω′′
0 θ̇ − EIlθ̇(t)ω′′′

l

≤ −EIω′′
0 θ̇(t)− T θ̇(t)ωl − (c− φ1)

∫ l

0

γ̇2dz

+
1

φ1

∫ l

0

f2dz. (47)

Then, substituting (4) into V̇a2(t), we derive

V̇a2(t) = αIα̇+ bθ[θ(t)− θr]θ̇(t)

= α[Iηθ̇(t) + Tωl + EIω′′
0 + u(t)]

+ bθ[θ(t)− θr]θ̇(t). (48)

Combining (48) and (19), and using the adaptive controller (20)
and (21), we derive

Subsequently, substituting the adaptive laws (22)–(24) into
the derivation of function Va4(t) yields

V̇a4(t) = −σψ̃T δ−1 ˙̂
ψ − σ

γa
p̃ ˙̂p− Θ̃

˙̂
Θ

= −σψ̃T δ−1Proj {αδν̂} − σαp̃ud +
σ

γa
�2p̃p̂

− αΘ̃ + �1Θ̃Θ̂. (49)

Finally, we obtain the derivative of Va3(t) as

V̇a3(t) = ηρ

∫ l

0

γ̈γddz + ηρ

∫ l

0

γ̇2dz

= ηρ

∫ l

0

γ̈(ω + z(θ(t)− θr))dz + ηρ

∫ l

0

γ̇2dz

= −ηEIωlω′′′
l − ηEI

∫ l

0

ω′′2dz + Tηω′
lωl

− Tη

∫ l

0

ω′2dz − ηEI[θ(t)− θr]ω
′′
0

− ηc

∫ l

0

γdγ̇dz − Tη[θ(t)− θr]ωl

+ η

∫ l

0

fγddz + ηρ

∫ l

0

γ̇2dz. (50)

By combining (47)–(50) into (46), V̇a(t) is derived as

V̇a(t) ≤ −
(
c− φ1 − ηρ− ηc(1 + l)

2

)∫ l

0

γ̇2dz

−
(
ηbθ − ηφ4l

2 − ηcl2

2

)
[θ(t)− θr]

2

−
(
Tη − ηcl2

2
− ηφ3l

2 − (b2 + T )l

2φ2

)∫ l

0

ω′2dz

−
(
b1 − (b2 + T )φ2

2

)
α2 − ηEI

∫ l

0

ω′′2dz

− σψ̃T δ−1ψ̃

2λmax(δ−1)
− σ

2γa
�2p̃

2 − �1
2
Θ̃2 + ε (51)

where φ1, φ2, φ3, and φ4 > 0, and according to the adaptive
projection mapping operator, there exists a constantψm > 0 sat-
isfying ‖ψ̃‖ ≤ ψm and ε = ζ(t) + σ

2γa
�2p

2 + �1
2 Θ2 + σ

2ψ
2
m +

( 1
φ1

+ η
φ3

+ η
φ4
)lf̄2 < +∞.

Parameters η, b, b1, bθ, φ1, φ2, φ3, and φ4 are selected to
satisfy the following:

�1 = c− φ1 − ηρ− ηc(1 + l)

2
> 0 (52)

�2 = Tη − ηcl2

2
− ηφ3l

2 − (b2 + T )l

2φ2
> 0 (53)

�3 = ηbθ − ηφ4l
2 − ηcl2

2
> 0 (54)

�4 = b1 − (b2 + T )φ2
2

> 0. (55)

Invoking (52)–(55), we obtain

V̇a(t) ≤ − �1

∫ l

0

γ̇2ds− �2

∫ l

0

ω′2ds− ηEI

∫ l

0

ω′′2ds

− �3[θ(t)− θr]
2 − �4α

2 − σψ̃T δ−1ψ̃

2λmax(δ−1)
+ ε

− σ

2γa
�2p̃

2 − �1
2
Θ̃2. (56)

Combining (45) and (50) gives

V̇a(t) ≤ −ΛVa(t) + ε (57)

where Λ = Λ3/Λ2, Λ3 = min{2�1/ρ, 2η, 2�2/T, 2�4/I, �1,
2�3/bθ, �2, 1/λmax(δ

−1)}.
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ing from Boğazici University, Istanbul, in 1996,
and the Ph.D. degree in electrical and elec-
tronics engineering from Boğazici University, in
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