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a b s t r a c t

In this paper, the energy efficiency of the widespread application of backstepping control to a
class of nonlinear motion systems is investigated. A Switched Step Integral Backstepping Control
(SSIBC) scheme is introduced to improve immunity to measurement noise and to increase the energy
efficiency of conventional backstepping in practice. The SSIBC is realized by switching between two
candidate controllers obtained at different steps of the iterative backstepping design process. A bi-state
dependent hysteresis rule is developed to supervise stable switching between the different regimes in
the presence of noise. The proposed method is experimentally verified on a MIMO twin rotor laboratory
helicopter involving coupled nonlinear dynamics, inaccessible states and uncertainties. Experimental
results show that in addition to a reduction in power consumption, the SSIBC reduces saturation of
the control signal and visible motor jerking in contrast with conventional backstepping. Additional
comparisons with a previously proposed optimized decoupling PID controller also show significant
improvement in precision achieved with higher energy efficiency. Experimental results obtained with
the introduction of an external disturbance into the system also show the robustness of the proposed
SSIBC.

© 2023 ISA. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Owing to its recursive and systematic design methodology, the
ackstepping technique provides an effective method for stabi-
izing nonlinear systems in cascade or strict-feedback form [1].
onsequently, various backstepping control methodologies have
een proposed for many rigid body nonlinear motion systems. For
xample, backstepping with quaternion feedback was proposed
or satellite attitude control [2] and with fuzzy control for a
obotic system [3]. Adaptive backstepping [4,5] and command
iltered backstepping [6] were proposed for electrohydraulic sys-
ems. In [7], observer backstepping was proposed for a dynamic
ositioning system while adaptive backstepping, backstepping
ith neural networks and 2-step integral backstepping were
espectfully suggested for Unmanned Aerial Vehicle (UAV) plat-
orms in [8–10]. Although well suited to these systems (as the
utput state variable is of type position and the others are its
erivatives i.e. velocity and acceleration), the backstepping law
an, however, be quite difficult to implement in practice. One ma-
or bottleneck is that in conventional recursive backstepping, the
umber of required steps (iterations) equals the relative degree
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E-mail address: zahar@fke.utm.my (Z. Mohamed).
ttps://doi.org/10.1016/j.isatra.2023.07.002
019-0578/© 2023 ISA. Published by Elsevier Ltd. All rights reserved.
identifier of the system i.e. the number of times the output needs
to be differentiated to explicitly arrive at the input [11]. Thus,
in practical applications, noise emanating from sensory devices
gets amplified after each step, leading to high harmonic content
and saturation of the control signal. This can induce tracking
error and undesirable mechanical vibrations as a consequence
of actuator saturation [7,12–14] and also results in decreased
efficiency of electrical motors [15]. Furthermore, many practical
systems have inaccessible states that need to be estimated in
real time via observers or other derivative estimators/filters. Thus,
dealing with measurement noise becomes more problematic as
there is a performance trade-off between speed/accuracy of state
reconstruction and noise amplification [16].

Improving immunity to noise in backstepping as well as other
state feedback control approaches has motivated extensive re-
search work in state estimation and noise attenuation strategies.
For instance, a low speed velocity estimator [17] and switched
gain observers [16] have been suggested to recover system states
with reduced noise in the low speed operation regions i.e. around
steady state. In [7], two gain matrices associated with error
variables were employed with observer backstepping to reduce
amplification of noise resulting from non-perfect state estima-
tion into the control signal. This, however, has the drawback of
complicating the control law and demands tuning of additional
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arameters. Measures like filtering as proposed in [18,19] for
xample, have also been applied to reduce the noise profile of
eedback control signals. Deployment of filters, however, must be
one cautiously as they invariably introduce time lags, which can
egrade system performance or even cause instability.
Other methods have been studied to avoid the calculation

f noisy time derivatives. This has been proposed in [6] using
ommand filtered backstepping for the pitch control of a wind
urbine and in [20] by exploiting the flatness property of an elec-
rohydraulic system. However, the methods in [6,20] are better
uited to systems having fast actuator dynamics. Moreover, an
rror compensation mechanism was required in [6] to reduce the
eviation introduced by the command filter. In [21], sensor-based
ackstepping was suggested (with the aid of an acceleration sen-
or) for a fixed-wing aircraft to reduce the effects of uncertainties
nd measurement noise. In many motion systems, however, it is
ot always practical or desirable to employ acceleration sensors,
hich are known for introducing measurement noise.
The main contribution of this work is to improve the mea-

urement noise immunity and thereby increase the precision
nd energy efficiency of conventional backstepping in practical
otion systems in the presence of inaccessible states and un-
ertainties. The proposed method, termed Switched Step Integral
ackstepping Control (SSIBC), yields energy efficient and real time
utput regulation of relative degree 3 motion systems. Many
otion control systems such as those in [2–4,6–9,22] can be
onsidered as relative degree 3 by modelling the actuator as
first order system (see [7,12,22] for example). The proposed
SIBC design involves switching between two candidate back-
tepping controllers realized at different steps of the recursive
esign process. The novelty introduced here is the unique method
n which the candidate controllers are designed using iterative
ackstepping and a bi-state dependent hysteresis scheme devised
o appropriately supervise stable switching between the different
egimes. The hysteresis switching rule is formulated to activate
full state conventional (3-step) IBC during the transient (high
peed) phase and switch to a reduced order (2-step) IBC shown to
ave better noise immunity and higher energy efficiency during
he low speed or tracking phase. The advantages of the SSIBC
nclude:

(1) The overall control law exhibits the good transient re-
sponse of conventional backstepping which does not suffer
from the noise amplification problem in the high speed
regions.

(2) The adverse effects of measurement noise amplification in
conventional backstepping are significantly decreased in
the low speed regions without the use of a denoising filter.

(3) No supplementary candidate control law has to be de-
signed (as opposed to other supervisory control schemes)
and retuning of control parameters is not required.

(4) Fast convergence to a close neighbourhood of the origin
is guaranteed in the presence of noise through enforce-
ment of slow-on-the-average switching between the stable
candidate controllers.

he proposed SSIBC is experimentally verified on a laboratory
AV platform known as the Two-Rotor Aero-dynamical System
TRAS). The TRAS and similar platforms emulate complex aircraft
anoeuvres [23] and present a challenging control problem. They
re in many ways similar to a helicopter having complex non-
inear dynamics, cross-couplings and inaccessible states [24]. Be-
ides, common laboratory helicopter platforms are not equipped
ith a rotor swashplate mechanism. As such, lift is generated by
arying the rotor speeds thereby resulting in a delayed response,

hich further complicates the control problem.
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Several control methodologies have been proposed in the lit-
erature for the TRAS and other similar 2 degree-of-freedom (DOF)
helicopter test beds. In [22], four independent PID controllers
tuned by a Modified method of a Real-type Genetic Algorithm (M-
RGA) were proposed. Other PID-based methodologies suggested
include active disturbance rejection control [23,25] and fuzzy
logic based schemes [26–28]. However, with the exception of
results in [22] where only simulation studies were done, none of
the PID or fuzzy based methods investigate the energy efficiency
of the proposed controllers. Moreover, the nonlinearities in the
system are not handled explicitly and the composite input shap-
ing method proposed in [25] is known to result in a much slower
transient response.

Nonlinear algorithms such as feedback linearization [29,30]
and sliding mode control (SMC) [31,32] have also been pro-
posed to directly tackle the system’s nonlinearities and improve
robustness against uncertainties. In [33], backstepping control
with a novel integral scheme was suggested. Simulation results
therein showed improved precision with reduced control effort
in comparison with the M-RGA PID in [22] and the SMC in [31].
Experimental verification of the method in [33] was provided
in [12] with a one-off backstepping switching mechanism em-
ployed to reduce jerking of the tail (yaw) rotor at steady state. The
one-off switching, however, implied that the system could not re-
spond to set-point changes. In addition, with the exception of the
feedback linearization methods in [29] where multiple models of
the system were employed and in [30] where complex resetting
of the derivative estimator was required, none of the methods
proposed in the literature attempt to mitigate the effects of
measurement noise on the energy efficiency of the system in real
time. This paper, therefore, proposes a novel backstepping control
design involving switching between two candidate backstepping
controllers extracted from the iterative design procedure. The
proposed SSIBC preserves the good transient characteristics of
conventional backstepping and switches to a reduced order back-
stepping controller during steady state thereby reducing noise
amplification, motor jerking and excessive power consumption.
The switching between the candidate controllers is supervised by
a simple bi-state law which considers the output of the system
(position) as well as its derivative (velocity) augmented with
hysteresis to guarantee energy efficient precision tracking in both
the high and low speed regions.

The rest of the paper is organized as follows. Model description
of the TRAS is given in Section 2, conventional integral back-
stepping design for the system is described in Section 3, the
proposed SSIBC approach and switching signal are constructed in
Section 4, the stability of the system is analyzed in Section 5 and
experimental results are presented and discussed in Section 6.

2. Model description of the TRAS

The TRAS depicted in Fig. 1 consists of a beam with the main
and tail rotors (driven by variable speed DC motors) attached
perpendicularly at each end. The beam is pivoted at its base with
an articulated joint that allows rotation in such a way that its
ends move along the horizontal (yaw) and vertical (pitch) planes.
Two adjustable counterbalance arms with attached weights are
used to provide vertical damping. The aerodynamic thrusts from
the rotors, which control the pitch and yaw angles (measured by
digital position encoders) are produced by varying the rotation
speeds (measured by tachogenerators) of the rotors. Each rotor
affects both position angles resulting in a complex, nonlinear
system with significant cross-couplings. The control objective is
to quickly and accurately position the yaw and pitch angles of
the helicopter-like system’s beam (hovering) and follow a pre-
determined trajectory (tracking) in the presence of the coupling
effects.
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A state-space mathematical model of the TRAS is obtained
rom [24]. This approximate model is derived by considering
he moments of inertia on each (horizontal and vertical) axis of
he system using Newton’s second law of motion. The derived
quations describing the motion of the TRAS are given in (1).

˙1 = x3
˙2 = x4

˙3 =
1
Jh

[ltFh (x5) cos x2 − khx3 + uvkvh − a1x3 |x5|] (1)

ẋ4 =
1
Jv

[
lmFv (x6) − kvx4 + g ((A − B) cos x2 − C sin x2)

−
1
2
x32 (A + B + C) sin (2x2) uhkhv + uhkhv − a2x4 |x6|

]
˙5 =

1
Ih

(
uh − H−1

h (x5)
)

˙6 =
1
Iv

(
uv − H−1

v (x6)
)

here x1 (x2) is the yaw (pitch) angle of the beam, x3 (x4) is the
ngular velocity of the beam around the horizontal (vertical) axis,
h (uv) is the normalized input voltage to the tail (main) rotor, x5
x6) is the tail (main) rotor speed. Fh (Fv) is the propulsive force
f the tail (main) rotor and Hh

−1
: x5 → uh (Hv

−1
: x6 → uv) is an

inverse nonlinear function of the tail (main) rotor dynamics. The
rotors are modelled as first order systems with the static non-
linearities establishing the nonlinear relationships between each
motor’s input voltage, rotational speed and the propulsive thrust.
These nonlinear mappings are determined experimentally [24]
and expressed by (2) –(5).

x5 = Hh(uh) ≈ 2.2 × 103uh
5
− 1.7 × 102uh

4
− 4.5 × 103uh

3

+ 3 × 102uh
2
+ 9.8 × 103uh − 9.2 (2)

Fh = fh(x5) ≈ −2.6 × 10−20x55 + 4.1 × 10−17x54

+ 3.2 × 10−12x53 − 7.3 × 10−9x52 + 2.1 × 10−5x5 + 0.0091 (3)

x6 = Hv(uv) ≈ −5.2 × 103uv
7
− 1.1 × 102uv

6
+ 1.1 × 104uv

5

+ 1.3 × 102uv
4
− 9.2 × 103uv

3
− 31uv

2
+ 6.1 × 103uv − 4.5

(4)

v = fv(x6) ≈ −1.8 × 10−18x65 − 7.8 × 10−16x64

+ 4.1 × 10−11x63 + 2.7 × 10−8x62 + 3.5 × 10−5x6 − 0.014. (5)
Table 1 provides values of the physical parameters of the TRAS.
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. Integral backstepping control design

In this section, the controllers are designed for each subsystem
f the TRAS using recursive backstepping. The system is decom-
osed into the horizontal subsystem (HS) and vertical subsystem
VS) so that the coupling effects form part of the system’s un-
ertainties. The control design is similar to that in [12] and for
revity, only the main results are presented. The interested reader
s referred to that article for a more detailed design.

.1. Horizontal subsystem integral backstepping

The decomposed model of the HS can be obtained as [24]:

˙1 = x3

˙3 =
1
Jh

[ltFh (x5) cos x2 − khx3 − a1x3 |x5|]

ẋ5 =
1
Ih

(
uh − H−1

h (x5)
)
. (6)

Let:

z1 := x1 − x1d (7)

z3 := x3 − α1 (8)

z5 := Fh(x5) − α3 (9)

where x1d is the desired yaw angle and α1 and α3 are stabilizing
functions yet to be determined.

Step 1: By considering the tracking error z1, select a Control
Lyapunov Function (CLF) candidate as:

V1 =
λ1

2
χ1

2
+

1
2
z12 (10)

where χ1 =
∫ t
0 z1 (τ ) dτ and λ1 is a positive constant.

α1 (x1) = −c1z1 − λ1χ1 + ẋ1d, c1, λ1 > 0. (11)

Step 2: Select a CLF

V3 = V1 +
1
2
z32. (12)

˙3 = λ1χ1χ̇1 + z1ż1 + z3ż3. (13)

˙3 =
1
Jh

[ltFh (x5) cos x2 − khx3 − a2x3 |x5|] −
∂α1

∂x1
ẋ1. (14)

˙3 = −c1z21 + z3 [ z1 +
lt
Jh

(Fh (x5) cos x2)

−
1

(khx3 + a2x3 |x5|) −
∂α1 ẋ1 ] . (15)
Jh ∂x1
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Table 1
Physical Parameters of The TRAS [24].
Symbol Description Value

lt Length of the tail part of the beam 0.216 m
lm Length of the main part of the beam 0.202 m
kh Friction constant of the tail subsystem 5.900 ×10−2 Nm
kv Friction constant of the main subsystem 1.271 ×10−2 Nm
kvh Vertical angular momentum of the tail rotor 4.200 ×10−3 Nms
khv Horizontal angular momentum of the main rotor −1.780 ×10−2 Nms
A Mechanical constant 0.0652
B Mechanical constant 0.0707
C Mechanical constant 0.0046
D Mechanical constant 6.4608 × 10−4

E Mechanical constant 0.0279
F Mechanical constant 0.0021
Ih Moments of inertia of the tail rotor 2.703 × 10−5 kgm2

Iv Moments of inertia of the main rotor 1.639 × 10−4 kgm2

a1 Constant 9.280 × 10−6

a2 Constant 3.300 × 10−6

g Gravitational acceleration 9.810ms−2

Jv Sum of moments of inertia relative to the horizontal axis 3.070 ×10−2 kgm2

*The sum of moments of inertia relative to the vertical axis depends on the vertical position (x2) of the beam and
expressed as Jh = D sin2 x2 + E cos2 x2 + F .
s

V

s

V

α3 =
Jh

lt cos x2

[
−z1 +

1
Jh

(khx3 + a2x3 |x5|) +
∂α1

∂x1
ẋ1 − c3z3

]
.

(16)

So that,

V̇3 = − c1z12 − c3z32, c1, c3 > 0. (17)

Step 3: Select a CLF as

V5 = V3 +
1
2
z52. (18)

˙5 = V̇1 + z3ż3 + z5ż5. (19)

˙3 =
lt cos x2

Jh
z5 − z1 − c3z3. (20)

˙5 =
dFh
dx5

(
uh − H−1

h (x5)
)
−

∂α3

∂x1
ẋ1 −

∂α3

∂x3
ẋ3. (21)

V̇5 = −c1z21 − c3z23 + z5 [
lt cos x2

Jh
z3 +

dFh
dx5

(
uh − H−1

h (x5)
)

−
∂α3

∂x1
ẋ1 −

∂α3

∂x3
ẋ3 ] . (22)

o stabilize z5, the control input uh is designed as:

h = H−1
h (x5) +

1
dFh
dx5

(
−

lt cos x2
Jh

z3 +
∂α3

∂x1
ẋ1 +

∂α3

∂x3
ẋ3 − c5z5

)
.

(23)

So that,

V̇5 = −c1z21 − c3z23 − c5z25 ≤ 0, c1, c3, c5 > 0. (24)

.2. Vertical subsystem integral backstepping

The decomposed model for the vertical subsystem (VS) of the
RAS is obtained as [24]:

˙2 = x4

˙4 =
1
Jv

[lmFv (x6) − kvx4 − G (x2) − a2x4 |x6|]

˙6 =
1
Iv

(
uv − H−1

v (x6)
)

(25)

here G x = g A − B cos x − C sin x .
( 2) (( ) 2 2)
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Let:

z2 := x2 − x2d (26)

z4 := x4 − α2 (27)

z6 := Fv(x6) − α4 (28)

where x2d is the desired pitch angle and α2 and α4 are stabilizing
functions to be obtained in the backstepping design. Using a
similar design approach for the HS, the virtual control laws α2 (x2)
and α4 (x2, x4) for the VS are obtained as

α2 (x2) = −c2z2 − λ2χ2 + ẋ2d, c2, λ2 > 0 (29)

where χ2 =
∫ t
0 z2 (τ ) dτ and λ2 is a positive constant, and

α4 =
Jv
lm

(
−z2 +

1
Jv

(G (x2) + kvx4 + a1x4 |x6|) +
∂α2

∂x2
ẋ2 − c4z4

)
(30)

uch that,

˙4 = −c2z22 − c4z42, c2, c4 > 0. (31)

The final control law uv for the VS is designed as

uv = H−1
v (x6) +

1
dFv
dx6

(
−

lm
Jv

z4 +
∂α4

∂x2
ẋ2 +

∂α4

∂x4
ẋ4 − c6z6

)
(32)

uch that,

˙6 = − c2z22 − c4z42 − c6z62 ≤ 0, c2, c4, c6 > 0. (33)

4. Switched step integral backstepping control (SSIBC)

In this section, the candidate controllers for each subsystem
are extracted from the second and third steps of the integral
backstepping design in Section 3 using output feedback. The
proposed SSIBC is then realized by a bi-state dependent hysteresis
switching rule to guarantee slow-on-the-average switching in the
presence of noise.

4.1. SSIBC candidate controllers

The structure of the proposed SSIBC is shown in Fig. 2 where
the signal uh2(uv2) is the voltage output of the 2-step IBC for the
HS (VS). The blocks Fh−1 (Fv

−1) and x5−1 (x6−1) represent inverse
functions of the rotor static nonlinearities given in (2)–(5). These



A. Haruna, Z. Mohamed, M.Ö. Efe et al. ISA Transactions 141 (2023) 470–481

m

t
a
F
c
t
C
c
e
o
t
(

u

u

R
f
f
b

R
−

a
r
g
(
i
t
d

Fig. 2. TRAS SSIBC structure.
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r
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a
a
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i

ap the required force Fh (Fv) expressed by the virtual control
law in (16) ((30)) into a corresponding voltage signal uh2(uv2) for
he tail (main) motor. The constant gain kuh (kuv) is employed to
chieve bumpless transfer for the HS (VS). The dashed boxes in
ig. 2 represent the conventional (3-step) integral backstepping
ontrollers (CIBCs), which consist of the 2-step IBC and an addi-
ional (third) step of the iterative backstepping design. The 3-step
IBCs are realized after the third and final step and calculate the
ontrol outputs directly. Substituting (8) and (9) into (23) and
xpanding yields the 3-step CIBC control law uh3 for the HS as
btained in (34). Similarly, the 3-step CIBC control law uv3 for
he VS in (35) is realized by expanding the result of substituting
27) and (28) into (32).

h3 = H−1
h (x5) +

1
dFh
dx5

{ −
lt cos x2

Jh
(x3 + c1z1 + λ1χ1 − ẋ1d)

−
Jh

lt cos x2
x3 [1 + λ1x3 + c3 (c1 + λ1z1)]

+
Jh

lt cos x2
ẋ3

[
1
Jh

(kh + a1 |x5|) − c1 − c3 − λ1z1

]
− c5 [Fh(x5) − α3 (x1, x3)] } (34)

v3 = H−1
v (x6) +

1
dFv
dx6

{ −
lm
Jv

(x4 + c2z2 + λ2χ2 − ẋ2d)

−
Jv
lm

x4 [ 1 −
1
Jv
Ġ(x2)

+ λ2x4 + c4(c2 + λ2z2) ]

+
Jv
lm

ẋ4

[
1
Jv

(kv + a2 |x6|) − c2 − c4 − λ2z2

]
− c6 [Fv (x6) − α4 (x2, x4)] } . (35)

emark 1. The control laws for the 2-step IBCs are derived
rom the last terms in (34) and (35). The additional terms result
rom the third iteration and analytic evaluation of the partial
ackstepping derivatives.

emark 2. The TRAS’ beam is restricted vertically between
π/2 < x2 < π/2 ⇒ cos x2 > 0∀ x2 in (34). Also, H−1

h (x5)
nd H−1

v (x6) are not reciprocal functions but feedforward terms
epresenting inverse maps of the rotor static nonlinearities. Sin-
ularities in the expressions (34) and (35) that could result from
dFh/dx5)−1 and (dFv/dx6)−1 respectively, are checked by bound-
ng the control inputs within the normalized input voltages of
he motors. It is easy to see from (2) and (3) for the HS that
F /dx > 0∀ x (u ) for −1 ≤ u ≤ 1. Similarly, from (4) and
h 5 5 h h t
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(5), dFv/dx6 > 0∀ x6(uv) for −1 ≤ uv ≤ 1. Therefore, the laws in
34) and (35) can be safely implemented in real time.

.2. Output feedback control

Real time implementation of the derived control laws requires
econstruction of the inaccessible states of the TRAS without any
elay. The 2-step IBC requires feedback of the beam velocities x3
nd x4 while the 3-step CIBC, in addition to the beam velocities,
lso requires the accelerations ẋ3 and ẋ4. In this work, the widely
sed derivative filter

(s) =
s

τis + 1
(36)

for i = 1, 2 is used to provide ‘estimates’ of the velocities x3
and x4 for the HS and VS respectively. The filter (36) is nei-
ther an observer nor a velocity estimator as discussed in [34]
and has been shown to preserve the asymptotic stability of the
closed-loop system without placing any restrictions on the filter
bandwidth [35]. The additional requirement for the acceleration
of the beam for the HS (VS) ẋ3 (ẋ4) is then obtained via a less
noisy integral scheme by solving its expression in (6) ((25)) from
measurements of x1(x2), x5(x6) and the ‘estimated’ velocity of
x3(x4). This approach significantly reduces the noise propagation
within the system as it avoids the reuse of the derivative filter.
In fact, without this technique, the signal to noise ratio of the
control signal will be low and the 3-step CIBC will be difficult
to implement in real time even if an observer were used.

4.3. SSIBC switching rule

The structures of the IBC controllers in each subsystem are
varied from 3 to 2-step and vice-versa by the switching signal
σ (t). A bi-state dependent hysteresis switching rule (37) based
on the error and filtered velocity signals is used to determine the
switching instants for the HS and VS respectively as illustrated in
Fig. 3.

σi(t) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

2 if 0 ≤ |zi| < ∆zi , 0 ≤
⏐⏐xj⏐⏐ < ∆xj

2 if ∆zi ≤ |zi| < ∆zi + hzi , ∆xj ≤
⏐⏐xj⏐⏐ < ∆xj + hxj , σi = 2

3 if ∆zi + hzi ≤ |zi|
3 if ∆xj + hxj ≤

⏐⏐xj⏐⏐
3 if ∆zi ≤ |zi| < ∆zi + hzi , ∆xj ≤

⏐⏐xj⏐⏐ < ∆xj + hxj , σi = 3

(37)

For i = 1, 2 and j = 3, 4 where σ (t) ∈ M = {2, 3}
s a piecewise continuous switching signal and ∆zi and ∆xj are

he switching thresholds, hzi and hxj are hysteresis constants to
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Fig. 3. SSIBC bi-state hysteresis switching logic.

prevent chattering of the switching signals [36]. The switching
thresholds for the HS and VS are selected based on two theoretical
and observed principles which depend on the speed region of
operation of the TRAS’ beam.

(1) High speed region: This region arises when the system’s
output is far from the reference (a transient exists) or in the case
of sufficiently fast time varying reference signals which results in
a high velocity of the beam. Within this region, the 3-step CIBC
neither results in significant noise amplification nor excessive
power consumption. Thus, the CIBC is activated when the error
state z1 (z2) of the HS (VS) is large or when the velocity (derivative
of the output) of the beam x3 (x4) is high.

(2) Low speed region: This region arises when the output of
the system is within a close neighbourhood of the reference and
has a slow rate of change (velocity). Within this region, the CIBC
causes severe noise amplification as well as other undesirable
effects. Thus, the 2-step IBC is activated within this boundary
i.e. when both the output error z1 (z2) and velocity x3 (x4) for the
HS (VS) are close to zero.

Remark 3. The switching signal σi (t) can be more intuitively
understood by first neglecting the hysteresis constants and as-
suming the system begins from rest i.e. a transient phase exits.
Therefore, |zi| ≥ ∆zi which implies σi (t) = 3 and the 3-step
CIBC is active during any transient phase. The CIBC will also
be activated if the velocity of the beam exceeds its threshold
i.e. σi (t) = 3 if

⏐⏐xj⏐⏐ ≥ ∆xj . The switching signal σi (t) will
transition from 3 to 2 if and only if both the error (zi) and the
velocity (xj) states fall below their respective thresholds i.e. 0 ≤

|zi| < ∆zi AND 0 ≤
⏐⏐xj⏐⏐ < ∆xj .

Remark 4. The hysteresis constants are added only to prevent
chattering of the switching signals. That is, no transitions occur
within the region containing the switching thresholds and their
hysteresis constants. For instance, when σi (t) = 3, the CIBC
remains active if ∆zi ≤ |zi| < ∆zi+hzi OR ∆xj ≤

⏐⏐xj⏐⏐ < ∆xj+hxj . So
also when σi (t) = 2, the 2-step IBC remains active if ∆zi ≤ |zi| <

∆zi + hzi AND ∆xj ≤
⏐⏐xj⏐⏐ < ∆xj + hxj . This prevents chattering of

the switching signals.

Remark 5. The signal to noise ratios of x1 and x2 are high and
noisy estimates of x3 and x4 are low pass filtered in calculating
the switching instants. Any delay caused by the filter does not
affect performance since the filtered velocity signals are not used
in calculating the control laws.
475
4.4. Integral action

The integral gains λ1 and λ2 determine the amount of integral
action in (34) and (35). In the case of the undamped HS, constant
integration is applied. For the VS, however, the beam is influenced
by the effects of gravity and it is inherently unstable i.e. always
attempting to move back to the starting (lowered) position. The
gain law (38) is proposed to provide variable integral action by
converging to values directly proportional to the magnitude of
the initial distance between the reference and the origin. The gain
law (38) enhances the tracking precision of varying setpoints for
the damped VS with minimal overshoot.

λ2 = λ2o + kλ2

∫
|z2| dt. (38)

For 0 ≤ λ2 ≤ λ2m where λ2m > 0 is the maximum integral
gain, λ2o is the initial integral gain for the VS and kλ2 is a positive
constant determining the rate at which λ2 reaches λ2m.

5. Stability of the TRAS Under SSIBC

In this section, the stability of the TRAS with the coupling un-
certainties and switching is analyzed under the proposed SSIBC.

5.1. Stability of the HS

For the decomposed HS as expressed in (6), the proposed
control law uh3 (34) for the 3-step CIBC and uh2 (16) for the 2-
step IBC ensure the nonpositivity of V̇5 in (24) and V̇3 in (17)
respectively. Therefore, all signals are bounded and Barbalat’s
lemma can be invoked to show the global asymptotic stability
of the origin of the decomposed HS. For the system under cross-
coupled control, the cross-coupling uncertainty from the HS to
the VS is given in (1) as

∆fh = J−1
h (uvkvh) . (39)

The closed-loop dynamics of the switched HS with the uncer-
tainty in (39) can be expressed compactly in matrix form as

żh = Aσ (t)zh + ∆fh (40)

where zh =
[

z1 . . . z2n+1
]
and A is an n×n skew symmetric

closed-loop system matrix.
For the closed system (40), construct the Lyapunov function

Vhk =
λ1

2
χ1

2
+

1
2

k∑
j=0

z22j+1, kϵM. (41)

The derivative of Vhk along the closed-loop dynamics of zh (with
the uncertainty ∆fh) is obtained as

V̇hk = −

k∑
j=0

c2j+1z22j+1 + z3∆fh

≤ −2min(ch)
1
2
zhT zh + z3∆fh (42)

r

˙hk ≤ −min(ch) ∥zh∥2
+ |z3∆fh| (43)

here ch =
[

c1 . . . c2n+1
]
.

ssumption 1. It is assumed there exists a bounded positive
onstant ph such that ph ∥zh∥2

≥ |z3∆fh| , ∀t ≥ 0.
This assumption is valid as ∆fh(uv) is bounded for the bounded

ontrol u .
v
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ssumption 2. There exist state boundaries ∆z1 and ∆x3 and
ysteresis constants hz1 and hx3 such that the bi-state switching
ignal of the HS σ1 (z1, x3) transitions on from 2 to 3 only when
he states z1 or x3 are far away from their respective origins
.e. the system has returned to a transient state.

Assumption 2 holds since the switching thresholds can be
hosen to be very close to the origin and the hysteresis constants
z1 and hx3 can be chosen to be sufficiently large (hz1 can be taken
o cover the entire operating space of the system).

heorem 1. If ch > ph and ∆z1 , ∆x3 , hz1 and hx3 in (37) are chosen
uch that the switching signal σ1(t) changes from 3 to 2 according to
Assumption 2, then all signals of the HS will remain globally bounded
and the output will converge to a close neighbourhood of the origin
for the switched control law uhσ1(t).

Proof. Firstly, the global asymptotic stability of the HS under the
individual controllers without switching is proved and then the
boundedness of all signals is shown under constrained switching.

(1) Initially, k = 3 and the 3-Step CIBC is active. The closed-
loop dynamics of the HS in the z coordinates from (17), (20) and
(21) with the uncertainty (39) can be expressed in matrix form
as

żh =

⎡⎣ −c1 1 0
−1 −c3

lt cos x2
Jh

0 −
lt cos x2

Jh
−c5

⎤⎦ zh +

[
−λ1χ1
∆fh
0

]
(44)

here zh =
[
z1 z3 z5

]T . The derivative of Vh3 along the
losed-loop dynamics of zh is obtained as

˙h3 ≤ −min (ch) ∥zh∥2
+ |z3∆fh| ≤ 0 (45)

here ch =
[
c1 c3 c5

]
. Since V̇h3 is nonpositive, it can be

oncluded that all signals in the z coordinates and their deriva-
ives are bounded. It can thus be deduced from Barbalat’s lemma
hat the closed-loop system will be globally asymptotically sta-
le for the proposed control input uh = uh3 in (34). That is
lim
→∞

z5, z3, z1 → 0.
When k = 2, the 2-step IBC is active i.e. uh = uh2, ch =

c1 c3
]
, zh =

[
z1 z3

]
and the dynamics of żh reduces to

˙h =

[
−c1 1
−1 −c3

]
zh +

[
−λ1χ1
∆fh

]
(46)

hus, a similar argument can be made for the 2-step IBC for z1, z3
and the proposed control input uh2 realized from (16).

(2) Consider the Lyapunov function of the closed loop
switched system expressed by (41) for k = 2, 3. In switching
from uh3 to uh2, Vh3 ≥ Vh2 satisfies Branicky’s nonincreasing
condition [37] and the transition from uh3 to uh2 is stable even
under arbitrary switching. When switching from uh2 to uh3, Vh2 ≤

Vh3 = Vh2 +
1
2 z5

2. Thus any increase in the Lyapunov function
value is bounded by 1

2 z5
2 which asymptotically approaches zero

under the stabilizing control law uh3 in (34) and slow-on-the-
average switching (enforced by the choices of the switching
thresholds and their hysteresis constants) in accordance with
Assumption 2.

Remark 6. For constant and sufficiently slowly time varying
references, the switching thresholds can be chosen such that
switching takes place when z1 is in the close neighbourhood of
he origin and x3 is approximately zero i.e. the system is at steady
tate. Sufficiently large hysteresis constants ensure the switching
tops and lim z1 = 0.
t→∞

476
Fig. 4. TRAS experimental setup.

.2. Stability of the VS

The TRAS’ beam is physically restrained to −π/2 < x2 < π/2
nd the integral gain by (38) cannot change instantaneously. Ap-
lying similar arguments as in the case of the HS, the decomposed
S is thus semi-globally asymptotically stable. Under switched
ross coupled control, the uncertainty in the VS from (3) is given
s

fv = J−1
v

(
−

1
2
x32 (A + B + C) sin(2x2)uhkhv + uhkhv

)
. (47)

hus, similar assumptions can be made for the VS as the uncer-
ainty ∆fv(x3, uh) is bounded since x3 (the velocity of the beam in
he HS) is bounded, the decomposed HS is stable and the control
nput uh is bounded. Thus, parallel arguments for the HS can be
pplied to establish the boundedness of all signals of the VS and
he convergence of the output to within a small neighbourhood
f the origin.

. Experimental results

The designed controllers for the HS (yaw) and VS (pitch) are
ested experimentally on the actual laboratory TRAS using step
nd sinusoidal reference inputs. The sine waves with frequency
f 0.025 Hz and amplitudes of 0.5 rad and 0.2 rad are used for
he HS and VS, respectively. These are similar to the reference
nputs used in [22]. The laboratory setup is shown in Fig. 4 which
nvolves the TRAS, a 24 V power supply, a control unit and a
omputer equipped with RT-DAC/PCI board for real time com-
unication between the hardware and software. In this work,
atlab Real-Time Workshop software is utilized for real-time

mplementation of the controllers.
The transient response characteristics and integral absolute

rror (IAE) are used to assess the tracking performance of the con-
rollers. The IAE is obtained by integrating the absolute difference
etween the output response and reference input over the exper-
mental time (50 s) with a sampling time of 0.05 s. Meanwhile,
he Rise Time (RT) is taken as the time to reach 63% of the final
alue, the Settling Time (ST) is computed using 95% of the final
alue, and the percentage Overshoot (OS) is calculated based on
he maximum magnitude that exceeds the final value. The energy
fficiency of controllers is determined via current measurement
hrough an external logging device connected in series with the
RAS. This is necessary as the TRAS’ motors behave like low pass
ilters which prohibits computing the energy efficiency of the
ontrollers from the noisy voltage inputs. The current index (CI)
s defined as the average current (milliamperes) consumption per



A. Haruna, Z. Mohamed, M.Ö. Efe et al. ISA Transactions 141 (2023) 470–481

m
f
g
s
o
a
u
3
a
a
g
t
c
r

a
o
s

a
w

Table 2
Experimental control parameters.
Parameter Value Parameter Value Parameter Value Parameter Value

c1 1.05 c6 20 τ1 0.04 ∆x4 0.05
c2 0.98 λ1 0.80 τ2 0.01 hz1 0.05
c3 5.34 λ2 0.81 ∆z1 0.05 hz2 0.08
c4 11.02 λ2o 0.45 ∆z2 0.02 hx3 0.1
c5 10 kλ2 0.7 ∆x3 0.05 hx4 0.1
a
o

I
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b
i
o
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second of the entire TRAS system during each experiment (50 s)
and is used to assess the energy efficiency of the controllers.

6.1. Experimental control parameters

For the purpose of comparison, four PID controllers are opti-
ized on the model of the TRAS by application of the proposed

itness function and genetic algorithm (M-RGA) specifications
iven in [22]. The fitness function is specifically designed to
imultaneously minimize the tracking error and energy cost. The
ptimized PID parameters for the TRAS given in [24] are used
s an initial search range for M-RGA. The 2-step IBC is tuned
sing the same cost function as M-RGA to avoid any bias. The
-step CIBC uses the same parameters as the 2-step IBC with the
dditional required parameters c5 and c6 heuristically tuned as
trade-off between overshoot and speed/robustness. The inte-
ral gains (λ1, λ2, λ2o and kλ2) are selected to achieve precision
racking of the reference signal with minimal overshoot. The
oefficients of the derivative filter (τ1 and τ2) are selected to
ecover the velocities of the beam x3 and x4 with minimal delay
and noise amplification. The switching thresholds (∆z1 , ∆z2 , ∆x3
nd ∆x4 ) are chosen to be as close to zero as possible. In the case
f the switching hysteresis constants, the history of the systems
tates (z1, z2, x3 and x4) are examined under CIBC. The hysteresis
constants (hz1 , hz2 , hx3 and hx4 ) are then selected as the observed
minimum value to prevent chattering of the switching signals.
The bumpless transfer gains (kuh and kuv) are computed by low
pass filtering and comparing the pseudo-output of the 2-step IBCs
with those of 3-step CIBC. The outputs of the 2-step IBCs are then
weighted by the gains kuh = 1.04 and kuv = 1.1 to make them
pproximately equal to those of the CIBC. The normalized pulse
idth modulated control inputs are bounded between −0.5 and

+0.5 for the HS and between 0 and +1 for the VS. Values of the
chosen control parameters are given in Table 2.

6.2. DOF results

To show the unique features of the 2-step, CIBC and SSIBC, the
controllers are tested on the system under the same conditions in
1-DOF i.e. without the coupling effects. Fig. 5 shows the 1-DOF
results obtained for the HS under the IBCs to a step reference
of 1.0 rad and 1.3 rad (dotted) representing a 30% increase in
the operating point. From Fig. 5, it is observed that the 2-step
IBC adequately tracks the reference, but the transient response
is degraded (over 20% overshoot) when the operating point is
increased to 1.3 rad. In the case of the CIBC however, the output
tracks the setpoint and its transient response is not affected by
the shift in operating point. The better transient response of the
CIBC, nonetheless, occurs at the expense of a much more noisy
control signal as shown in Fig. 5. This is a well-known problem as
a result of differentiation of position at a close neighbourhood of
the origin i.e the low speed region. The consequence, which could
be attributed to the noisy control signal, can be observed in the
plots of the tail rotor speeds where that of the CIBC shows clear
motor jerking not visible in the case of the 2-step IBC. The SSIBC,
on the other hand, has the good transient response of the CIBC
 o
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Fig. 5. 1-DOF step responses of the HS with 2-step IBC, CIBC and SSIBC.

nd maintains the less noise amplification and smooth response
f the 2-step IBC as shown in Fig. 5.
The VS (pitch) angle responses with a sine-wave input for the

BCs also in 1-DOF are shown in Fig. 6. Again, all controllers are
ble to regulate the output but it is obvious that the CIBC gives a
etter transient response also at the cost of increased noise levels
n the control signal. There is, however, no obvious effect of this
n the pitch angle of the VS as the system vertically damped.
n addition, the control input for the main motor is bounded
etween 0 ≤ uv ≤ 1. This restricts the motor from rotating in the
everse direction and prevents jerking. The response of the SSIBC
s similar to that of the CIBC but with less noise amplification as
hown in Fig. 6.

.3. Cross-coupled control

Here the system is operated in 2-DOF i.e. under the high
ross-coupling effects. It has already been demonstrated that the
IBC gives a better transient response than that of the 2-step.
s such, for brevity, only the response under CIBC, SSIBC and
-RGA PID (for comparison) shall be considered under cross-
oupled control. Fig. 7 is a step response of the system under
ross-coupled control with the M-RGA PID, CIBC and SSIBC. From
he output response plots in Fig. 7(a), all controllers are able to
rack the references and counter the cross-coupling effects. The
esponse of the system with M-RGA PID however, shows higher
vershoot and settlings times in comparison with the IBCs. The
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Fig. 6. 1-DOF sine responses of the VS with 2-step IBC, CIBC and SSIBC.

output plots also indicate that bumpless transfer takes place in
the case of the SSIBC as its outputs seamlessly converge to the
setpoints. The plot of the control signals in Fig. 7(b) both initially
have high noise levels for the IBCs but that of the SSIBC show
sharp decreases in the signal amplitudes at the switching instants.
The effect is that jerking in the tail rotor and power consumption
of the entire system are reduced.

Sine-wave tracking responses of M-RGA PID, CIBC and SSIBC
re shown in Fig. 8. It is seen that all controllers achieve excellent
racking of the yaw angle. In the case of the pitch angle, however,
-RGA PID shows visible oscillations and overshoot during the

ransient phase. That with the CIBC also shows oscillations around
he 30 s mark which do not occur under 1-DOF control shown in
ig. 6. These oscillations take place at the point where both the
478
speed of the main rotor and velocity of the TRAS’ beam are low,
leading to reduced robustness of the VS and increased noise levels
(from the tachometer and derivative filter). The VS is thus unable
to adequately counter the cross-coupling (and jerking) effects
from the tail rotor and its speed oscillates. Since the system is
coupled, the HS is forced to counter this effect in order to track
the yaw angle as can be seen in Fig. 8(c). These oscillations are,
however, significantly minimized in the case of SSIBC due to its
less noise amplification, which does not cause saturation of the
control signals and jerking of the tail rotor as shown in Figs. 8(b)
and 8(c). The plots of the switching signals in Fig. 8(d) indicate
that the switching stops after the transient period. It can be noted
with all the controllers that high peaks occur in the main and tail
rotor speeds during the first 2 s approximately. This is during the
transient phase for the feedback control system to achieve the
desired references. Nevertheless, the global asymptotic stability
of the proposed SSIBC is guaranteed by the stability analysis
presented in Section 5.

Table 3 summarizes the performance of the M-RGA PID, 3-step
CIBC and SSIBC in terms of their transient response, tracking and
current (power) consumption characteristics. The same criteria
were used in the previous research to evaluate the performance
of controllers for the system [12,22,31,33]. The quantities indicate
that the CIBC and the SSIBC have similar values (within experi-
mental error) of rise time, settling time and overshoot which are
much less than that of M-RGA PID. For instance, the overshoot
for the IBCs is less than 7% for both the HS and VS but above 40%
and 10% respectively for the HS and VS with M-RGA PID control.
The IBCs also have much lower values of the IAE as compared
to M-RGA PID for both the step and sine wave inputs as the
values in Table 3 indicate. In the case of the step response, the
CIBC and SSIBC have similar values of the IAE. For sine wave
tracking, however, the SSIBC has better performance for the VS
(as shown in Fig. 8) leading to a reduced value of the IAE in
comparison with CIBC. Similarly, examination of the CI values
in Table 3 indicate that the proposed SSIBC significantly reduces
the power consumption of the entire system as compared to M-
RGA PID, which in turn, consumes less energy than CIBC. The
SSIBC improves the energy efficiency of conventional backstep-
ping because it reduces the order of the backstepping control
law in the low speed regions where conventional backstepping
exhibits excessive energy consumption owing to noise amplifica-
tion. It is worth mentioning that the computational time needed
to generate the control action of SSIBC is the same as that of
conventional backstepping. As the backstepping approach is an
Fig. 7. Cross-coupled control for step inputs under M-RGA PID, CIBC and SSIBC: (a) Angle responses, (b) Control signals (PWM).
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Fig. 8. Cross-coupled control for sine-wave inputs under M-RGA PID, CIBC and SSIBC: (a) Angle responses, (b) Control signals (PWM), (c) Rotor speeds, (d) SSIBC
switching signals.
Table 3
Performance Characteristics of the TRAS to a Step and Sine Wave Input Under M-RGA PID, CIBC and SSIBC.
Control
method

Axis Step Sine

RT (s) ST (s) OS (%) IAE CI (mA) IAE CI (mA)

M-RGA PID H 1.26 4.84 43.88 42.29 628.66 12.01 525.48V 1.86 7.32 11.51 24.54 24.76

CIBC H 1.93 4.65 6.77 28.19 1012.40 7.68 1070.20V 2.43 2.86 4.73 21.16 22.96

SSIBC H 1.94 4.85 6.46 28.46 538.74 7.68 473.08V 2.40 2.72 4.56 19.88 15.71
iterative design methodology, before a conventional backstepping
controller (requiring 3 iterations in this case) can be designed,
a 2-step controller must first be achieved. In other words, the
2-step controller is an integral part of the 3-step conventional
backstepping controller.

6.4. Robustness

The robustness of the SSIBC is tested by hanging a mass of
5g attached to a peg (7g) by a string on the main part of the
RAS’ beam. The angle responses obtained are shown in Fig. 9
here it is seen that the output of the VS starts from a lower
osition and takes a longer time to settle at the reference due to
he influence of the combined 32g disturbance. At approximately
479
20 s, the mass is manually supported such that only the weight
of the peg affects the TRAS’ beam. It can be observed that the
output of the VS exceeds the reference, but the controller quickly
regulates the output error back to zero. At about 40 s, the mass is
released, and its weight drags the pitch angle below the reference
when the controller reacts again to eliminate the error. Despite
that the speed of the main rotor rapidly decreases and increases
to counter the effects of the disturbance, Fig. 9(a) shows that the
HS is robust enough to successfully counter the cross-coupling
effects by continuously tracking the yaw angle. The plot of the
switching signal shown in Fig. 9(b) for the VS indicates that the
SSIBC switches to the 3-step CIBC at the time instants when the
disturbance is applied before switching back to the 2-step IBC
after successfully countering it.
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Fig. 9. Cross-coupled control of the TRAS with SSIBC subjected to an external disturbance: (a) Angle responses, (b) VS motor speed and switching signal.
7. Conclusion

A novel SSIBC algorithm has been realized by switching be-
ween two distinct candidate controllers designed after 2- and
- steps of the iterative backstepping procedure. A developed
i-state dependent switching rule guarantees stable switching
etween the candidate controllers in the presence of noise and
ncertainties. Experimental verification on a coupled nonlinear
IMO system has shown that the SSIBC maintains the good

ransient response characteristics of the conventional IBC, with
ess noise amplification and power consumption of the 2-step
BC during the steady/tracking phase. The experimental results
lso reveal that the SSIBC has much better transient and tracking
haracteristics achieved with reduced noise amplification and
nergy consumption in comparison with a previously proposed
ptimized decoupling (M-RGA) controller. Future work will con-
ider a design to improve the controller robustness for the system
nder several types of disturbances.
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