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Online and Real-Time Trajectory Generation Method
for Unforeseen Events Using a Modified

Spline Approach
Mehmet Altan Toksöz , Mehmet Önder Efe , Senior Member, IEEE, and Veysel Gazi

Abstract—This letter focuses on the problem of online and instan-
taneous generation of smooth trajectories and their analytical time
derivatives, where future reference signals provided by a trajectory
planner or a user are a-priori unknown. For this purpose, we
propose a modified cubic spline polynomial which transforms the
instantaneous piecewise references into smooth and continuous
functions for digital control systems. The resulting reference signals
are not only smooth and continuous in time but also analytically
differentiable. The inferred derivative values could then be used in
a variety of linear and non-linear controllers such as, Proportional-
Integral-Derivative (PID), sliding mode, and backstepping. We also
provide optimum and boundary values for the parameters used
in the proposed technique. In addition, we present a lightweight
implementation (a few lines of code) of the algorithm by which
real-time computations are rapidly performed using a microcon-
troller. Both simulation and real experiments demonstrate that for
the plants having different degrees of complexities, the proposed
approach with a PD / PID controller outperforms the conventional
filtered derivative-based one in terms of overshoot in the step
response, robustness against noise, and trajectory tracking error.

Index Terms—Analytical time derivatives, modified cubic spline,
online trajectory generation, PID control.

I. INTRODUCTION

ROBOTIC agents must be able to quickly respond to the
unforeseen events in order to achieve the goals in dynamic

environments. These events can be triggered by a sensor or
a user by means of a joystick or gas pedal (e.g., a single or
sequence of step signals is generated autonomously or manually
by a pilot when a drone is avoiding an obstacle in an unknown
environment). If the reference command signals generated by
these events are directly fed into the controllers, the robotic
plant under control may not properly respond. Also, improper
commands result in prolonged rise time and settling time in
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Systems, HAVELSAN A.Ş., 06510 Ankara, Turkey (e-mail: matoksoz@
gmail.com).

Mehmet Önder Efe is with the Department of Computer Engineering,
Hacettepe University, 06800 Ankara, Turkey (e-mail: onderefe@gmail.com).

Veysel Gazi is with the Department of Control and Automation En-
gineering, Yıldız Technical University, 34220 İstanbul, Turkey (e-mail:
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some cases or they may even lead to eventual instability of the
total system. These problems arise a need for online genera-
tion of proper control commands or achievable trajectories. In
addition, the generated outputs must also provide derivative(s)
of the command signal since most controllers (PID, sliding
mode, backstepping, etc.) require the derivative information.
Online command generation is a challenging problem and there
are valuable research outcomes in this field [1], [2], [3], [4],
[5], [6], [7]. The main difficulties are: (i) only the present or
instantaneous reference is available which limits the usage of
polynomial-based approaches since they require future way-
points; (ii) real-time operation strictly limits the computational
time.

One may attempt to solve online trajectory generation prob-
lem using differential flatness (DF)-based techniques. A dy-
namic system is called differentially flat if there exists a flat
output such that the system variables (inputs, states) can be
expressed in terms of flat output and its derivatives. Recently,
DF-based online trajectory generation methods have been pro-
posed in [8], [9] which utilize constrained optimization. Also,
a continuous time DF-based trajectory generation method has
been proposed for unmanned aerial vehicles (UAVs) [4]. Simi-
larly, a real-time trajectory generation method for UAVs has been
presented in [5], which generates feasible paths in the order of
ten microseconds on a laptop computer. Clearly, most systems
do not have DF property and in general, those methods require
solving a constrained optimization problem having significant
amount of iterations.

Setpoint filtering could be considered as another type of
online command generation. It is commonly used in classical
PID controllers. For instance, in order to reduce the overshoots
due to the step-wise changes, low pass filters have been pro-
posed in [10], [11]. Since those techniques do not provide the
derivative information, the use of numerical derivatives such
as backward difference method is inevitable. However, realistic
scenarios are subject to noisy measurements, which typically
require the use of first or second order filters. Selecting the
correct bandwidth for each filter then emerges as a new problem
to be addressed. Even if we carefully adjust those parameters,
at the end, some performance degradation due to information
loss at the numerical differentiation stage are inevitable. Com-
mand filtered backstepping is another approach for constructing
the proper reference signal and its derivatives. For instance, a
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command filtering technique has been proposed in [12] in
order to eliminate the complexity of the implementation of
backstepping due to computing derivatives. Another method
proposed in [13] focuses on the elimination of the problems
in backstepping under parameter uncertainties. In [14], the pre-
sented command filtering technique guarantees the finite-time
convergence. Although those approaches simply provide the
derivative information, they require the use of backstepping and
initially the first derivative.

In this letter, we propose an online and instantaneous trajec-
tory generation mechanism in which the mathematical properties
of a modified cubic spline function are exploited to transform
the desired reference signals/setpoints into smooth and differ-
entiable analytic functions. The resulting reference signals and
their derivatives can then be used in a wide range of controllers
demanding position and velocity information. We demonstrate
an efficient implementation of the proposed approach for the
conventional controllers in general class of systems. The contri-
butions of this work are fourfold:
� The proposed method is online, which does not require any

future way-points in order to generate feasible trajectories.
� By applying our method, the effects of the sudden changes

in the reference signals are absorbed and the destabilizing
effects of the sensor noises are minimized.

� Our method is applicable to general class of systems since
it does not require any specific property such as differential
flatness.

� Since the proposed approach is a polynomial-based one,
it does not require any high performance hardware and
generates the output instantaneously using a simple micro-
controller.

The rest of the letter is organized as follows: The proposed
spline-based online trajectory generation method is explained in
Section II. Simulations for a quadrotor application are presented
in Section III, and real experiments using a 1-DOF helicopter
are demonstrated in Section IV. Finally, Section V concludes
the letter.

II. ONLINE TRAJECTORY GENERATION METHOD

Cubic splines are commonly used in computer graphics, im-
age processing, control systems, path planning, etc. in order
to obtain smooth motion curves from discontinuous or discrete
data [15], [16], [17], [18], [19]. If the reference data is only
approximately known, the smoothing spline method may be
preferred [20], [21]. The main idea of cubic spline technique
is to fit some data points (t1, x(t1)), (t2, x(t2)), ..., (tn, x(tn))
to a continuous piecewise function of the form

s(t) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

s1(t) t1 ≤ t ≤ t2
s2(t) t2 ≤ t ≤ t3

. . .

sn−1(t) tn−1 ≤ t ≤ tn

(1)

where si(t) is a third order polynomial

si(t) = ai(t− ti)3 + bi(t− ti)2 + ci(t− ti) + di,

i = 1, 2, . . ., n− 1. (2)

The first and second derivatives of si(t) are given as

ṡi(t) = 3ai(t− ti)2 + 2bi(t− ti) + ci, i = 1, 2, . . ., n− 1
(3)

s̈i(t) = 6ai(t− ti) + 2bi, i = 1, 2, . . ., n− 1. (4)

The properties of the cubic spline method suggest that s(t) is
continuous on the interval [t1, tn] and si(ti) = x(ti) for i =
1, 2, . . . , n. Using these properties, and depending on the con-
straints/requirements, it is also possible to design the spline (i.e.
to determine its parameters) so that it has continuous derivatives
on the interval [t1, tn]. Requiring that s(t) and its first derivative
ṡ(t) are continuous on [t1, tn] and using the third order Tay-
lor’s formula (x(t) = x(a) + ẋ(a)(t− a) + 1

2! ẍ(a)(t− a)2 +
1
3!x

(3)(a)(t− a)3, a ∈ R), the solution for the coefficients for
i = 1, 2, . . . , n− 1 are obtained as

ai = − 2

h30
(x(ti+1)− x(ti)) + 1

h20
(ẋ(ti+1) + ẋ(ti)) (5)

bi =
3

h20
(x(ti+1)− x(ti))− 1

h0
(ẋ(ti+1) + 2ẋ(ti)) (6)

ci = ẋ(ti) (7)

di = x(ti) (8)

where h0 := ti+1 − ti and we assume equidistant time inter-
vals [22]. The parameters in (5)–(8) lead to continuous spline
with continuous derivative. However, they do not guarantee that
the second derivative would be continuous. In case continuous
second derivatives are also desired, then one may use a fifth order
polynomial, which requires six parameters instead of four for
each segment. Alternatively, in case the derivative information
is not available, solving tridiagonal system of equations, one
can obtain the derivative information from the known positional
data [23]. In the latter scenario, cubic spline with continuous
first and second derivatives is computed. However, in order to
compute it, all the data points must be available in advance.
Therefore, it cannot be used in systems in which the data is
provided sequentially one at each step. Moreover, as mentioned
earlier, in some applications the derivative information might
not be available or very difficult to obtain. In this letter, based
on a modified spline we develop a methodology which generates
smooth references with continuous first and second derivatives
using the available current and past data as the control of a
physical system is ongoing. It has the potential to be usefully
applied in various settings.

Let the reference value for any state of a physical system at
time ti+1 be represented by (ti+1, x

d(ti+1)). We might design a
spline polynomial si(t) such that it fits the consecutive setpoints
xd(ti) and xd(ti+1) for each time interval [ti, ti+1]. However,
we assume that the future data (ti+k, x

d(ti+k)) for k = 2, 3, . . .
is not available. Also, notice that the original solution set in (5)–
(8) for the coefficients cannot be directly used for our purposes
since it contains derivatives of the reference data points which
are assumed to be unavailable.

Consider the following third order polynomial

qi(t) = αi(t− ti)3 + βi(t− ti)2 + γi(t− ti) + δi,

i = 1, 2, . . . , n− 1. (9)
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Fig. 1. Illustration of generated modified spline functions and the reference
data points.

such that the coefficients are calculated using the modified set
of equations

αi := − 2

h3
(xd(ti+1)− qi(ti)) + 2

h2
q̇i(ti) (10)

βi :=
3

h2
(xd(ti+1)− qi(ti))− 3

h
q̇i(ti) (11)

γi := q̇i(ti) (12)

δi := qi(ti) (13)

where h �= h0. Here, notice that the reference data at time ti
is replaced with qi(ti). This means that the new consecutive
reference data points for the modified spline are qi(ti) and
xd(ti+1). Also, the derivative of the new spline function at
time ti+1 is assumed to be very close to the derivative of it at
time ti, that is, q̇i(ti+1) ≈ q̇i(ti). The generated modified spline
functions and the reference data points for an arbitrary signal
are illustrated in Fig. 1.

Now, we can state the following results about the properties
of the new spline segment functions qi(t).

Lemma 1: For some h > h0 = ti+1 − ti, the coefficient set
defined by (10)–(13) constructs a stable recursive filter at time
ti+1 of the form

qi(ti+1) = λ1x
d(ti+1) + (1− λ1)qi(ti) + λ2q̇i(ti) (14)

where λ1 ∈ (0, 1) and λ2 ∈ R.
Proof: We know that for h0 = ti+1 − ti, the cubic spline,

qi(t), at time ti+1 has the following form:

qi(ti+1) = αih
3
0 + βih

2
0 + γih0 + δi (15)

If we substitute the coefficients defined in (10)–(13) into (15),
we obtain

qi(ti+1) =

(
3h20
h2
− 2h30

h3

)
xd(ti+1)

+

(
1−

(
3h20
h2
− 2h30

h3

))
qi(ti)

+

(
2h30
h2
− 3h20

h
+ h0

)
q̇i(ti). (16)

Finally, replacing
(

3h2
0

h2 − 2h3
0

h3

)
and

(
2h3

0

h2 − 3h2
0

h + h0

)
by λ1

and λ2, respectively, we conclude the proof. Note that λ1 < 1
since h > h0.

Remark: The filter described in Lemma 1 is a smoothing filter.
As λ1 gets smaller, the smoothing effect gets stronger. This is
implemented by increasing h while keeping the sampling rate,
h0, fixed.

Lemma 2: For h0/h = (1/2±√3/6), the derivative of the
modified spline, q̇i(t), at time ti+1 produces approximate deriva-
tive of the reference data points qi(ti) and xd(ti+1).

Proof: For h0 = ti+1 − ti, the derivative of qi(t) at time ti+1

has the form

q̇i(ti+1) = 3αh20 + 2βh0 + γi. (17)

If we substitute the coefficients defined in (10)–(13) into (17),
we obtain

q̇i(ti+1) =

(
6h0
h
− 6h20

h2

)(
xd(ti+1)− qi(ti)

h
− q̇i(ti)

)

+ q̇i(ti). (18)

If we equate the expression ( 6h0

h − 6h2
0

h2 ) to 1, we obtain that
h0 = (1/2±√3/6)h, which provides the approximate numer-
ical derivative as

q̇i(ti+1) =
xd(ti+1)− qi(ti)

h
(19)

which concludes the proof.
Lemma 3: For h0/h = 5/12, the second derivative of the

modified spline, q̈i(t), at time ti+1 produces approximate second
derivative of the reference data points qi(ti) and xd(ti+1).

Proof: For h0 = ti+1 − ti, the second derivative of qi(t) at
time ti+1 has the form

q̈i(ti+1) = 6αih0 + 2βi. (20)

If we substitute the coefficients defined in (10)–(13) into (20),
we obtain

q̈i(ti+1) =

(
6− 12h0

h

)(
1

h

)(
xd(ti+1)− qi(ti)

h
− q̇i(ti)

)

≈
(
6− 12h0

h

)(
ẋd(ti+1)− q̇i(ti)

h

)
(21)

If we equate the expression (6− 12h0

h ) to 1, we obtain that
h0/h = 5/12, which provides the approximate numerical sec-
ond derivative as

q̈i(ti+1) ≈ ẋd(ti+1)− q̇i(ti)
h

(22)

which concludes the proof.
Remark: For an appropriate computation of the second

derivative, it is required that the term (6− 12h0

h ) in Lemma 3
is positive. As a result, we obtain h0/h < 0.5. This result
eliminates one of the solutions given as h0/h = (1/2±√3/6)
in Lemma 2. Therefore, the condition in Lemma 2 reduces
to h0/h = (1/2−√3/6), which is necessary for the first
derivative.

Remark: The Lemma 2 and 3 present the optimal values and
bounds for only the approximate first and second numerical
derivatives. However, the optimal values for the real derivatives
for the original reference signal may deviate. Practically, as the
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Algorithm 1: Modified Cubic Spline (MCS).
Initialization:
h0 ← T (sampling period of the control system)
h← σ (a parameter which is larger than 2h0)
q[0]← x[0] (value of the measured state)
q_dot[0]← 0 (initialization of the derivative of the spline)
k ← 0 (time initialization)
Time loop k
1: read the external reference xd[k + 1]
2: α← − 2

h3 (x
d[k + 1]− q[k]) + 2

h2 q_dot[k]
3: β ← 3

h2 (x
d[k + 1]− q[k])− 3

hq_dot[k]
4: γ ← q_dot[k]
5: δ ← q[k]
6: q[k + 1]← αh30 + βh20 + γh0 + δ
7: q_dot[k + 1]← 3αh20 + 2βh0 + γ
8: q_dot_dot[k + 1]← 6αh0 + 2β
9: Output : q[k + 1], q_dot[k + 1], q_dot_dot[k + 1]

10: k ← k + 1

ratio h0/h gets smaller values than 5/12, the second derivative
fits better.

Theorem: Let xd(ti+1) be the reference data point at time
ti+1, h0 be the sampling period of the control system, and
h > 0 be a parameter. Let qi(ti) and q̇i(ti) be the positional
and velocity data at time ti, respectively. The coefficient set
in (10)–(13) generates a cubic spline of the form in (9) such
that the generated cubic spline predicts the first order derivative
information for h0/h = (1/2−√3/6) in (17) and second order
derivative information for h0/h = 5/12 in (20).

Proof: See Lemma 1, Lemma 2, and Lemma 3.
Remark: Although the optimum values of h0/h for the pre-

diction of the first and second order derivatives are provided, we
may need to use smaller h0/h in order to smooth the discontin-
uous references such as step input. In this way, we provide that
the first and second order derivatives are also smoothed.

The modified cubic spline-based procedure can be summa-
rized in Algorithm 1. Here, at the next sampling instance, ti+1,
the controllers use qi(ti+1), q̇i(ti+1), and q̈i(ti+1) instead of
xd(ti+1) and its first and second order filtered derivatives.

As a use case, we consider a square wave reference signal
since it is very suitable for representing sudden changes in
the dynamic environments. For this purpose, we choose the
sampling period (h0) as 0.005 seconds and the parameter h
as h0/(1/2−

√
3/6). Notice that the analytic derivative of

the reference signal is zero when the signal is constant and
impulse when it changes its state. Using the proposed method,
we obtain the modified spline fit and the derivative as shown in
Fig. 2. We also included filtered numerical differentiation. This
figure shows that the modified cubic spline method successfully
generates smooth and differentiable results and converges to the
reference.

III. QUADROTOR SIMULATION STUDIES

In the previous sections, we have presented and analyzed the
modified cubic spline-based online trajectory generation

Fig. 2. A square wave reference signal, modified cubic spline fit and corre-
sponding derivatives using numerical and modified spline derivative fitting.

TABLE I
CRAZYFLIE 2.0 NANO-QUADROTOR PARAMETERS

approach as a general framework for control system
applications. In order to show the benefits of the mechanism,
here we designed a set of quadrotor flight simulations. A
quadrotor helicopter is an unstable and under-actuated 6-DOF
plant. Control of this system has been extensively studied in
the literature [24], [25], [26], [27], [28], [29], [30]. Here, we
use the dynamics and kinematics model described in [24].
For the control approach, we use simple PD controllers with
feedforward term for the attitude (φ, θ, ψ), altitude (z), and
position (x, y) control as described in [24], [31].

A. Simulation Settings

In this part, we conducted several simulations using Crazyflie
2.0 nano-quadrotor parameters. The parameters are presented in
Table I [32]. We compare the performances of a MCS (Modified
Cubic Spline)-based quadrotor and a conventional one having
filtered derivative-based control mechanism. Please note that the
quadrotors are totally identical except the setpoints are processed
and the derivatives are generated by the proposed techniqe for
a MCS-based quadrotor. In addition, the derivate of the error
is filtered in the conventional quadrotor when applying a PD
controller. The PD controller with feedforward term in the
conventional quadrotor can be written in the following Laplace
transform form for attitude, altitude, and position control:

Upd(s) = kp(Xd −X) + kd
s(Xd −X)

1 + τ1s
+

s2Xd

1 + τ2s
(23)
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TABLE II
CONTROLLER GAINS AND TIME CONSTANTS

In implementing the control law in (23), we need to optimize the
values of kp, kd, τ1, and τ2. In order to get the best performance,
we used Particle Swarm Optimization (PSO) approach. In the
optimization stage, we implemented PSO method with default
settings, that is, particle swarm size is 20 and 30 iterations
for termination, [33]. In the MCS-based method, the search is
performed for kp, kd, and the ratio, h0/h, where h0 is known.
Note that the value of h0/h can also be selected intuitively
based on the approach given in this letter. In order to quantify
the performance, we used the Integral of Square root of Time
weighted Absolute Error (ISTAE) measure which can be given

ISTAE =

∫ ∞
0

√
t|e(t)|dt. (24)

ISTAE measure was selected as it weighs the initial error better.
To effectively determine the time constants of the derivative
filter, we also added zero-mean sensor noise with standard
deviation 0.01 to the system. For both quadrotors, the determined
gains and time constants are given in Table II. For all simulations,
we set the sampling frequency to 100 Hz, i.e. h0 = 0.01 sec.
In the simulations, where the controllers are sole PD ones, the
maximum allowable values for the roll and pitch angles were
±0.5 radians whereas these bounds are extended to±0.8 radians
in the proposed technique. Beyond these values, it is observed
that the closed loop system cannot maintain the stability and it
is apparent that the proposed technique enlarges the maneuver-
ability of the quadrotor.

B. Step Response

Using the configuration constructed in the previous part, we
compared the step responses of two quadrotor models. For
this, first, we tested the attitude performances of them. For
both quadrotors, we set the reference points to 0.1 rd for all
angles (yaw, pitch, roll) and simulated the scenarios for 2.5
seconds. The results for the conventional filtered derivative-
based quadrotor are shown in Fig. 3(a). We observe that the
rise time for all angles is about 0.1 seconds. We also observe
about 40 percent overshoot for all of them. The amount of the
overshoot for the pitch angle is slightly larger. For this quadrotor,

Fig. 3. (a) Attitude (roll, pitch, yaw) step response and (b) position (x,y,z) step
response for conventional quadrotor. (c) Attitude step response and (d) position
step response for MCS-based quadrotor. (e) Corresponding desired rotor speeds
for conventional and for (f) MCS-based quadrotor.

it takes approximately 1 s to settle down to the desired attitude.
The attitude step response results for the proposed MCS-based
quadrotor is shown in Fig. 3(c). For this case, the observed
rise time is about 0.25 seconds for all angles. We notice that
the response of this quadrotor is slower. However, the amount
of overshoot is nearly zero. Also, this quadrotor settles to its
desired attitude angles within 0.5 seconds. In this part, in order
to compare the altitude and position control performances of the
two quadrotors, we conducted another set of experiments. For
this, we set the reference positions and altitude to 1 m. Fig. 3(b)
shows the results for the conventional quadrotor. We observe
that the rise time for the position (x, y) is about 0.8 seconds and
the amount of overshoot is 13 percent. The quadrotor settles its
position within 2 seconds. The results for the proposed quadrotor
is shown in Fig. 3(d). This time, the measured rise time is about
0.7 seconds which shows that it is slightly faster. The amount of
overshoot is about 5 percent and the settling time is 1.5 seconds,
approximately. The quadrotors settle their desired altitude values
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within 0.6 seconds with almost no overshoot. The corresponding
desired rotor speeds are presented in Fig. 3(e) and Fig. 3(f)
in order to show that both controllers produce proper control
signals. The reason that the proposed method outperforms the
conventional one in terms of overshoot is because the PD con-
troller is directly exposed to the step signal in the latter case.
However, it is smoothed and its smooth analytical derivatives
are used in the proposed technique.

C. Step Response Under Noise

In this part, we studied another set of simulations in order to
compare the performances of the quadrotors under both process
and sensor noise. The setup for these simulations is the same as
that of previous ones. While sensor noise was applied to all
states of the quadrotors, the process noise was added to the
rotor commands. We set the standard deviation of the sensor
noise to 0.03 and process noise to 5. Both of the processes were
generated using zero-mean Gaussian distribution. The results are
shown in Fig. 4. We observe very large fluctuations in the attitude
response of the conventional quadrotor (Fig. 4(a)). However, as
shown in Fig. 4(c), there are very tiny ripples in the attitude
response of the quadrotor employing the proposed technique.
As far as the position step responses are considered, there are
significant differences. As shown in Fig. 4(b), the applied noise
destabilizes the conventional quadrotor. However, the effect
of the noise is almost absorbed in the proposed MCS-based
quadrotor (Fig. 4(d). In order to obtain quantative comparisons,
we repeated the simulations 5 times, and in all cases, we ob-
served that the conventional quadrotor was destabilized and the
MCS-based quadrotor stayed stable. We also observe that the
conventional PD controller produces improper control signals
as shown in Fig. 4(e). However, the controller output of the
MCS-based quadrotor (see Fig. 4(f)) is similar to the previous
case.

D. Trajectory Tracking Performance

The last set of simulations were performed in order to compare
the trajectory tracking capabilities of the quadrotors. For this,
we generated two sine waves having 0.1 and 0.2 Hz frequencies,
respectively. Each quadrotor initally starts at (0, 0) inx− y axis.
While the amplitude of both references changes between 5 and
−5 meters in x-axis, the amplitude in y-axis increases linearly
from 0 to 50 meters. Fig. 5(a) and Fig. 5(b) show the results
for the conventional quadrotor for both frequencies. While it
tracks the reference successfully in the first case, the tracking
performance significantly reduces if the frequency is increased.
On the other hand, as shown in Fig. 5(c) and Fig. 5(d), for
the proposed quadrotor, the successful tracking performance is
maintained in the higher frequency case. We also repeated the
simulations for agile frequencies (0.3, 0.4, and 0.5 Hz). For this
case, we adjusted h0/h to 0.50 and 0.012 for inner and outer
controllers, respectively. The resulting mean square error values
could be seen in Table III. We observe that the MCS-based
quadrotor significantly outperforms the conventional one for
agile trajectories.

Fig. 4. Experiments under process and sensor noise. (a) Attitude (roll, pitch,
yaw) step response and (b) position (x, y, z) step response for conventional
quadrotor. (c) Attitude step response and (d) position step response for MCS-
based quadrotor. (e) Corresponding desired rotor speeds for conventional and
for (f) MCS-based quadrotor.

Fig. 5. Trajectories tracked by the conventional quadrotor when the trajectory
frequency is (a) 0.1 Hz, (b) 0.2 Hz. Trajectories tracked by the MCS-based
quadrotor when the trajectory frequency is (c) 0.1 Hz, (d) 0.2 Hz.
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TABLE III
MEAN SQUARE ERRORS FOR DIFFERENT FREQUENCIES

Fig. 6. 1-DOF Helicopter, components: 1. Brushed DC Motor 2. Potentiometer
3. Microcontroller 4. Motor Driver 5. Shaft 6. Balancing Load 7. Base of the
System.

IV. REAL EXPERIMENTS USING A 1-DOF HELICOPTER

In order to validate the proposed technique, we designed an
experimental setup to stabilize the angular position of a 1-DOF
helicopter system, which can be seen in Fig. 6. The propulsion
of the system is provided by a high speed (45000 rpm) brushed
coreless DC motor which has an operation voltage range varying
between 3 and 3.7 volts. The angle of the system is measured
by a 10 k ohms analog potentiometer. The measured angle is
read by a 12 bits analog to digital converter (ADC) pin of the
microcontroller and it is normalized between 0 and 1. Please
note that here the angle value is proportional to the output
voltage of the potentiometer. We used a Raspberry Pi Pico as
the microcontroller of the system on which the conventional and
MCS-based PID controllers were implemented using MicroPy-
thon programming language. The sampling rate of the controller
was set to 200 Hz (h0 = 0.005). The output of the controller is
limited between −1 and 1 to avoid large changes in the system.
Because the DC motor requires pulse width modulation (PWM)
signal to operate, the controller output (u) is converted to the
PWM value using the following equation.

PWM =
PWMmax − PWMmin

umax − umin
u+ PWMnull (25)

where PWMmax, PWMmin, umax, umin, and PWMnull are
set to 1, 0, 1,−1, and 0.5, respectively. Finally, the resulting
PWM value is multiplied by 212 − 1 (max digital PWM signal)
and send to the PWM output pin of the microcontroller. Note that
the frequency of the PWM signal was set to 50 kHz. Normally,
the microcontroller cannot generate enough power to drive the
motor. Therefore, we used a L298 N motor driver connected to
the PWM pin of the microcontroller and its input voltage value is
adjusted to 6.4 Volts. The reason is because the driver itself also
dissipates power, which causes 3 Volts voltage drop. The length
of the long and short part of the rotating shaft are measured about

Fig. 7. (a) Step responses of the conventional PID-based helicopter. (b) Step
responses of the MCS-based helicopter.

Fig. 8. (a) Trajectory (1 Hz) tracked by the conventional PID-based helicopter.
(b) Trajectory tracked by the MCS-based helicopter.

24.5 cm and 15 cm, respectively. In the beginning of the short
part, there is a small load to reduce the required thrust provided
by the motor.

In the first set of physical experiments, we tested the step
response of the system by applying sequential angle set points
which are 0.2, 0.6, 0.3, 0.6, and 0.3, respectively. The coeffi-
cients of the PID controllers were adjusted using Zigler Nichols
method and then fine tuned by minimizing the cumulative error.
The resulting coefficients for the conventional PID controller are
28, 2.5, 15, respectively. In Fig. 7(a), we see the sequential step
responses of the system and observe the expected overshoots,
where the conventional PID controller is used. The coefficients
of the MCS-based PID were found as 45, 4.5, 20, respectively.
Also note that the parameterhwas adjusted to 0.05. For this case,
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the resulting step responses can be seen in Fig. 7(b) where we see
that the overshoots are almost eliminated. For the conventional
and MCS-based system, we also observed the cumulative errors
as 105.49 and 82.51, respectively between set points and system
state for 12.25 seconds. We see that the MCS-based controller
significantly reduces the error.

In the last set of experiments, we tested the trajectory track-
ing performances of both techniques. Please note that here
we use the same PID coefficients as those of previous one.
The reference trajectory is generated using a sinusoidal signal
0.3(sin(2πft) + 1), where f is 1 Hz. The resulting trajectories
tracked by the conventional and MCS-based controllers can
be seen in Fig. 8. The corresponding cumulative errors were
computed as 677.24 and 375.82 again for 12.25 seconds, re-
spectively. We see that the MCS-based controller significantly
outperforms the conventional one.

V. CONCLUSION

In this letter, we proposed a modified cubic spline-based
online and instantaneous trajectory generation method for un-
foreseen events in order to smooth reference signals and generate
their analytical derivatives. The proposed method is lightweight
polynomial based and it requires only one parameter to be
determined. The optimum and boundary values are presented
for the sole parameter of the proposed method. Both simulation
and real experiments for different class of systems showed
that the controllers using the proposed technique significantly
outperform the conventional filtered derivative-based ones, in
terms of overshoot in the step response, robustness to noise,
and trajectory tracking error. The approach presented here
can be preferred in applications where the reference signals
are unknown a-priori and the derivative information is es-
sential. As a future work, we plan to test the robustness of
the method under controller parameter uncertainty and sensor
delays.
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