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A B S T R A C T   

In industries, cranes are commonly used for transportation of a distributed-mass payload (DMP). 
However, analysis of the dynamic characteristics of such a system is limited since most of the 
research work considered a point-mass payload. This paper presents modelling and analysis of 
dynamic characteristics of a double-pendulum overhead crane carrying a DMP with and without 
payload hoisting. Nonlinear dynamic models representing the crane in both scenarios are derived. 
The effects of varying cable lengths, and carrying different payload masses and lengths on the 
dynamics of hook and payload oscillations are also studied. Simulations are performed to observe 
the dynamic characteristics of the crane under several conditions, and experiments are carried out 
to validate the theory and simulation results, and to assess the accuracy of the derived nonlinear 
dynamic equations. The results demonstrate that the payload oscillation is significantly affected 
by changes in the cable lengths and DMP parameters. In addition, satisfactory agreements be
tween simulation and experimental results are achieved, which indicate validity of the nonlinear 
models and good compliance with the theory. It is envisaged that the dynamic characteristic 
analyses of the crane can be beneficial in designing efficient controllers, especially in suppressing 
DMP oscillation.   

1. Introduction 

A crane system is a machine that assists with lifting, moving, and transporting heavy objects. It is utilized in many industries, such 
as construction, manufacturing, transportation, and logistics. The main parts of a crane system are the hoist, which moves objects 
vertically, and the trolley or carriage, which moves objects horizontally on a rail or beam. Cranes can be mounted on structures such as 
gantries, towers, or overhead beams to increase stability and range of motion [1]. Different types of crane systems are used for various 
tasks and environments because of their unique advantages and limitations. They play a crucial role in enhancing productivity and 
efficiency in industries that handle large objects. Moreover, labour-intensive activities become safer and more efficient with the use of 
crane systems in a wide range of industrial contexts [2]. Cranes can be classified as single mode or multi-mode types depending on the 
link and drive mechanism in them. A specialised crane system, known as a "double crane”, is characterised by its double pendulum-like 
mechanism, which distinguishes it from conventional single-pendulum cranes. This design offers enhanced movement and flexibility 
by utilising two interconnected pendulums with independent motion. As a result, it creates a more intricate lifting and moving system 
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within the context of crane operations [3]. However, due to their complex design and increased mobility, specialised training and 
advanced control systems may be necessary to ensure safe and efficient operations. 

In addition, cranes are utilised for the conveyance of two distinct types of loads, namely point-mass payload (PMP) and distributed- 
mass payload (DMP), which are differentiated based on their mass distribution. A PMP is utilised in engineering studies to simplify 
calculations when the load’s weight is concentrated in a single location, which is frequently the case when the load’s dimensions are 
smaller than the crane’s capabilities [4]. Although most payloads have weight distributions that are not fully concentrated at a single 
point, applying a point mass approximation can be a valid approach when considering a crane’s strength and stability. Besides, DMPs 
account for the payload’s actual weight distribution as the weight being lifted is not always evenly distributed over its length, width, or 
height [5]. For example, a lengthy beam or a container, may have varied weight distributions over its length. When dealing with a 
DMP, the crane’s capability and structural concerns must take the fluctuating weight distribution into account. This includes elements 
such as the payload’s centre of gravity and various forces placed on the crane’s components throughout lifting, moving, and placing 
operations [6]. In essence, the key difference between PMP and DMP in a crane system is how the payload’s weight is addressed. The 
weight of the payload is concentrated at a single point in PMP, which simplifies computations, but may not correctly reflect real-world 
situations. In contrast, DMP accounts for the actual weight distribution of the payload, giving a more accurate description of its effect 
on the functionality and structural integrity of the crane. 

In the literature, although a significant work has been reported on the dynamics and control of a double-pendulum crane, a majority 
of the works focus on the PMP. Recently, researchers have turned their attention to DMP, and a limited number of articles have been 
published which mainly investigated efficient control approaches for various cranes. The controllers can be categorised into feed
forward and feedback control approaches. The feedforward control includes command smoothing for a bridge crane [7,8], a new input 
shaping for a tower crane [9,10], a trajectory planning method for a bridge crane [11] and an optimal smoother for an overhead crane 
[12]. In the most recent work, a command smoother for a tower crane [13] was proposed. In designing feedforward controllers, the 
crane dynamic parameters including frequencies and damping ratios of oscillations are usually required to suppress the hook and DMP 
sways. Besides, the feedback control techniques include time-varying Sliding Mode Control (SMC) for a bridge crane [14], an 
equivalent rope length trajectory planning [15], a combination of quasi-periodicity theory with a trajectory planning controller [16] 
and an adaptive control to achieve positioning and swing elimination of a three-dimensional overhead crane [17]. Most recently, deep 
reinforcement learning-based control was proposed for a triple pendulum crane system [18]. 

As only a few studies that focus on DMP have been conducted, the efforts towards modelling and control of DMP have remarkable 
merits for industrial crane experts. In designing high performance controllers, both in feedforward and feedback control approaches, 
good understanding on the dynamic characteristics of a double-pendulum crane carrying DMP is important. In practice, cranes are also 
subjected to carrying DMPs with different masses and lengths during their operations. In this case, understanding of their effects on the 
crane’s dynamics, especially in terms of the hook and DMP oscillations, will be very helpful. Another essential crane operation is 
payload hoisting, in which a DMP is carried from one height to another for a pick and place operation. This results in varying cable 
lengths, which also affects the dynamics of the oscillations. However, comprehensive knowledge on these issues is limited as none of 
the previous works investigated the effects of mass and length of DMP on the crane dynamics, especially with both simulation and 
experimental works. Furthermore, none of the works reported previously studied modelling and dynamic characterisation during 
simultaneous trolley motion and payload hoisting of DMP. 

This paper presents dynamic characterisations of a double-pendulum overhead crane (DPOC) carrying DMP without and with 
payload hoisting. Dynamic models of the crane under both scenarios are derived by using the Lagrange equation, and experiments are 
conducted on a laboratory DPOC. The crane’s dynamic characteristics especially in terms of the hook and DMP oscillations are 
observed. This work also evaluates the effects of varying cable lengths during payload hoisting, and carrying different DMP masses and 
lengths on the system dynamics. The validity and accuracy of the nonlinear equations describing the dynamics are evaluated by 
comparing the simulation and experimental results under various testing conditions. With respect to the existing body of literature, this 
paper contributes in the following aspects:  

a) Dynamic models of a DPOC with DMP without and with payload hoisting have been derived. To the best of our knowledge, this is 
the first study on a DMP with payload hoisting. The derived models have been validated via a set of experiments.  

b) This paper provides a comprehensive analysis of the dynamic characteristics of a DPOC carrying DMP, focuses on the hook and 
DMP oscillations. These are useful in designing effective controllers especially in the feedforward control approach.  

c) This paper evaluates the effects of payload hoisting (varying cable lengths) and carrying different DMP masses and lengths on the 
crane’s dynamics. Such a work is limited in the literature. This knowledge is also important in controller designs as these are 
practical scenarios in crane operations. 

2. Dynamic modelling 

The method of Lagrangian is the preeminent and extensively employed approach for the purpose of modelling a system of double- 
pendulum crane [19]. The approach that involves identifying the Lagrange equation is well-suited for this type of system. To illustrate 
the differences between the two models, initially a DPOC with PMP is briefly described. Then, concise representations for the 
modelling of the DPOC carrying a DMP without and with the hoisting cable length are presented. 
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2.1. A DPOC with PMP 

Fig. 1 shows a schematic diagram of a DPOC system with a point-mass payload. The crane system is composed of three generalised 
independent coordinates, namely, the trolley position, x, the hook angle, θ, and the payload angle φ. The parameters mt , mh, mp, l1, l2, fx 
and g represent the trolley mass, hook mass, payload mass, massless cable length between trolley and hook, massless cable length 
between hook and payload, trolley viscous damping coefficients and the gravitational constant respectively. Additionally, Fx denotes 
an externally applied force to the crane, which is the sole input for the system. Fig. 1(a) shows a case of a constant cable length, whereas 
Fig. 1(b) illustrates a case of payload hoisting. In Fig. 1(b), Fl is the force required to lift the payload and fl illustrates the viscous 
damping coefficients. 

Using this assumption, the payload is considered as a lump mass with all its weight concentrated at one point. This simplification 
makes calculations and simulations much faster and easier, letting researchers to focus on the main forces and movements involved. 
The Lagrangian method was used to obtain the dynamic equations of the crane systems [19]. 

For a fixed cable length, the Lagrangian function based on the kinetic and potential energies can be obtained as: 

Fig. 1. DPOC with a point-mass payload, (a) Fixed length, (b) Hoisting.  

Fig. 2. Double-pendulum overhead crane with DMP.  
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L =
1
2
(
mt + mh + mp

)
ẋ˙2 +

(
mh + mp

)
ẋ˙l1θ̇˙cosθ +

1
2
(
mh + mp

)
l1

2θ̇˙
2
+

1
2
mp

[
l2

2φ̇˙2 + 2ẋ˙l2φ̇˙cosφ + 2l1l2θ̇˙φ̇˙cos(θ − φ
)
] −

(
mh + mp

)
gl1(1 − cosθ)

− mpgl2(1 − cosφ)

(1) 

On the other hand, for the case with payload hoisting, l1 is varying during the crane motion and thus becomes another independent 
coordinate. The Lagrangian function can be written as: 

Lhoist =
1
2
(
mt + mh + mp

)
ẋ˙2 +

1
2
(
mh + mp

)
[2ẋ˙l1θ̇˙cosθ + 2ẋ˙l̇˙1sinθ + l1

2θ̇˙
2

+l̇˙1
2
]

+
1
2
mp

[

2ẋ˙l2φ̇˙cosφ + 2l1l2θ̇˙φ̇˙cos(θ − φ) + 2l̇˙1l2φ̇˙sin(θ − φ) + l2
2φ̇˙2]−

(
mh + mp

)
gl1(1 − cosθ) − mpgl2(1 − cosφ)

(2)  

2.2. A DPOC with DMP 

Fig. 2 illustrates a schematic diagram of a DPOC system that carries a DMP with a cable length remain constant. The main dif
ferences as compared to the PMP model in Fig. 1 are:  

• A distributed-mass payload is considered with payload length, lp.  
• Two massless rigging cables with length, l2 are introduced to hold the horizontal payload.  
• The payload angle, φ is measured with respect to the centre point of the distributed payload. 

Similarly, the Lagrange method can be utilised to examine the dynamic model of the crane with a constant cable length [14,20]. 
The Lagrangian equation in terms of the generalised coordinate, qi can be written as: 

d
dt

(
∂L
∂q̇̇i

)

−
∂L
∂qi

= T (3)  

where, 

L = EK − EP (4) 

L, EK and EP are the Lagrangian, kinetic and potential energies respectively. qi represents x, θ and φ. 

2.2.1. A fixed length 
Based on the schematic diagram in Fig. 2, the kinetic energy of the system can be obtained as: 

EK =
1
2
mtẋ˙

2
+

1
2
mh(ẋ˙ − l1θ̇˙cosθ)2

+
1
2
mh(ẋ˙ − l1θ̇˙sinθ)2

+
1
2
mp(ẋ˙ − l1θ̇˙cosθ − l2φ̇˙cosφ)2

+
1
2

mp(l1θ̇˙sinθ − l2φ̇˙sinφ)2
+

1
2

Jφ̇˙2 (5)  

where the last term, 12 Jφ̇˙2 is called autobiographical perturbation of kinetic energy of the payload, and J is the moment of inertia of the 
payload given as: 

J =
1
12

mplp
2 (6) 

The potential energy can be obtained as: 

EP = mhgl1(1 − cosθ) + mpg(l1 − l1cosθ+ l2 − l2cosφ) (7) 

Since payload twisting motion is not considered in this work, the potential energy in Eq. (7) is not affected by the payload length, lp. 
Therefore, the Lagrangian function using the system’s kinetic and potential energies can be written as: 

L =
1
2
(
mt +mh +mp

)
ẋ˙2 −

(
mh +mp

)
l1ẋ˙θ̇˙cosθ −

1
2
(
mh − mp

)
l1

2θ̇˙
2
− mpl2ẋ˙φ̇˙cosφ + mpl1l2θ̇˙φ̇˙cos(θ − φ) +

1
2
mp

(

l2
2 +

1
12

lp
2
)

φ̇˙2 −
(
mh 

+mp
)
gl1 +

(
mh +mp

)
gl1cosθ − mpgl2 + mpgl2cosφ (8) 

The function in Eq. (8) can be shown to be different when compared to its counterpart in Eq. (1). The nonlinear dynamic model of 
the crane system can finally be obtained by differentiating Eq. (8) and obtaining terms as in Eq. (3) as: 

(
mt +mh +mp

)
ẍ −

(
mh +mp

)
l1θ̈cosθ +

(
mh +mp

)
l1θ̇˙

2sinθ − mpl2φ̈cosφ + mpl2φ̇˙2sinφ = F − fxẋ˙ (9)  

−
(
mh +mp

)
l1ẍcosθ −

(
mh − mp

)
l1

2θ̈ + mpl1l2φ̈cos(θ − φ) + mpl1l2φ̇2sin(θ − φ) +
(
mh +mp

)
gl1sinθ = 0 (10) 
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− mpl2ẍcosφ + mpl1l2θ̈cos(θ − φ) + mp

(

l2
2 +

1
12

lp
2
)

φ̈ − mpl1l2θ̇˙
2sin(θ − φ) + mpgl2sinφ = 0 (11)  

2.2.2. With payload hoisting (Varying cable length) 
During the process of hoisting, it is common for the length l1 of the cable to fluctuate. This occurs as the payload is lifted up and 

down in order to reach a desired destination [21]. When considering the hoisting, it is necessary to take into account an extra in
dependent generalised coordinate, q4 in order to properly represent l1 in the Lagrangian equation. A schematic diagram of a DPOC with 
DMP hoisting is shown in Fig. 3. 

It is found that varying l1 affects the kinetic energy equation, but the potential energy given in Eq. (7) is not affected. The new 
kinetic energy can be written as: 

EK =
1
2

mtẋ˙
2
+

1
2

mh(ẋ˙ − l1θ̇˙cosθ − l̇˙1sinθ)2
+

1
2

mh(l1θ̇˙sinθ − l̇˙1cosθ)2
+

1
2

Jφ̇˙2

+
1
2
mp(ẋ˙ − l1θ̇˙cosθ − l2φ̇˙cosφ − l̇˙1sinθ)2

+
1
2
mp(l1θ̇˙sinθ + l2φ̇˙sinφ − l̇˙1cosθ)2

(12) 

Hence, 

EK =
1
2
(
mt + mh + mp

)
ẋ˙2 −

(
mh + mp

)
(ẋ˙l1θ̇˙cosθ + ẋ˙l̇˙1sinθ) +

1
2
(
mh + mp

)
∗

(
l1

2θ̇˙
2
+ l̇˙1

2)
− mp

(

ẋ˙l2φ̇˙cosφ − l1l2θ̇˙φ̇˙cos(θ − φ) − l2 l̇˙1φ̇˙sin(θ − φ) −
1
24

lp
2φ̇˙2 − l2

2φ̇˙2
) (13) 

Therefore, the new Lagrangian function can be expressed from Eqs. (7) and (13) as: 

Lhoist =
1
2
(
mt + mh + mp

)
ẋ˙2 +

1
2
(
mh + mp

)(
− 2ẋ˙l1θ̇˙cosθ − 2ẋ˙l̇˙1sinθ + l1

2θ̇˙
2
+ l̇˙1

2)

+
1
2
mp

(

− 2ẋ˙l2φ̇˙cosφ + l2
2φ̇˙2 − 2l2 l̇˙1φ̇˙sin(θ − φ) − 2l1l2θ̇˙φ̇˙cos(θ − φ) +

1
12

lp
2φ̇˙2

)

−
(
mh + mp

)
gl1(1 − cosθ) + mpgl2(1 − cosφ)

(14) 

The function in Eq. (14) is more complicated with more non-linear terms as compared to the case with the PMP model in Eq. (2). 
Solving Eq. (14) yields Eqs. (15)–(18) that represent a dynamic model of a DPOC system with DMP under hoisting operation. 

(
mt + mh + mp

)
ẍ −

(
mh + mp

)
(

2l̇1θ̇cosθ + l1θ̈cosθ − l1θ̇
2sinθ + l̈1sinθ

)

− mpl2
(
φ̈cosφ − φ̇2sinφ

)
= Fx − f ẋ (15)  

(
mh + mp

)(
l1θ̈ − ẍl1cosθ + 2l1 l̇1θ̇ + gl1sinθ

)
− mpl1l2

(
φ̈cos(θ − φ) + φ̇2sin(θ − φ)

)
= 0 (16) 

Fig. 3. A schematic diagram of a DPOC with DMP hoisting.  
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mpl2

(
− ẍcosφ − 2l̇1θ̇cos(θ − φ) − l1θ̈cos(θ − φ) + l1θ̇

2sin(θ − φ)
)
+ mp

(

l2
2 +

1
12

lp
2
)

φ̈ − mpl2

(

l̈1sin(θ − φ) + gsin(θ − φ)
)

= 0

(17)  

(
mh + mp

)
(

− ẍsinθ + l̈1 − l1θ̇
2
+ g(1 − cosθ)

)

− mp(φ̈l2sin(θ − φ) − φ̇l2sin(θ − φ)) = Fl − fl l̇1 (18) 

Eqs. (9)–(11) and (15)–(18) show that the crane system with and without payload hoisting is highly nonlinear with inextricably 
intertwined set of differential equations. An external force input will make the trolley to move, and consequently excite the hook and 
DMP to oscillate. Under the payload hoisting scenario, more complicated mathematical equations were obtained with an added in
dependent coordinate, l1. According to our best knowledge and the literature search, this is the first treatment of the double-pendulum 
crane system with DMP under hoisting with explicit equations describing the dynamics. 

3. Research method 

This section presents the research method utilised in this work to study the dynamic characteristics of the DPOC with DMP, and to 
evaluate the accuracy of the dynamic equations representing the crane system. The derived dynamic models of the DPOC without and 
with payload hoisting were used for simulation, whereas a laboratory DPOC was utilised in experiments. The following steps were 
carried out:  

(a) Simulations were performed using Matlab with parameters similar to the laboratory crane. Two cases were simulated: (1) 
without hoisting, and (2) a simultaneous motion of trolley and payload hoisting.  

(b) Experiments were carried out and comparisons with the simulation results were made to evaluate the validity and accuracy of 
the derived mathematical models.  

(c) The dynamic behaviour of the crane was assessed in time domain. These involves the trolley motion and oscillation responses of 
hook and payload.  

(d) The effects of carrying different DMP masses and lengths on the dynamics of the oscillation responses were studied through 
simulations and experimental exercises. 

To assess the dynamic characteristics of the crane system with DMP and to access the accuracy of the dynamic models, the following 
responses and performance indexes were considered:  

(a) Simulation and experimental responses of the trolley motion, hook sway angle and payload sway angle. 

Fig. 4. Simulink block diagram.  
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(b) Maximum Transient Sway (MTS) and the overall sway using the Mean Absolute Error (MAE) values. Transient sway is given a 
special attention as the highest sway usually occurs during this phase, when the crane starts to move. MAE calculates the total 
oscillation throughout the observation period (0 to 10 s), and therefore a low value of MAE is desirable as it represents weak 
oscillation.  

(c) Frequencies of the hook and payload sway responses. These are resonance frequencies that characterise the sway responses, and 
they are important parameters used in designing feedforward controllers based on command shaping techniques. Exact mea
surement and estimation of these frequencies can result in an efficient controller that guarantee significant suppression of hook 
and payload sways.  

(d) Percentage of relative errors between simulation (theory) and experimental results for all the values described in (b) and (c). 

Simulations of the non-linear dynamic equations given in Eqs. (9)–(11) and Eqs. (15)–(18) were carried out by using Matlab and 
Simulink. Fig. 4 illustrates the Simulink block diagram designed for the purpose of solving the non-linear equations and obtaining 
responses of the trolley motion, and oscillation angles of hook and DMP when excited with an external input. In this work, the fcn block 
was utilised to solve the non-linear equations. The simulations were run with the numerical integration of fifth order Runge-Kutta 

Fig. 5. The laboratory double-pendulum overhead crane with DMP.  

Fig. 6. Distributed-mass payloads used in the experiments (a) Different masses with same length, (b) Same mass with different lengths.  

Table 1 
Double-pendulum overhead crane parameters.  

Variables Symbol Values 

Mass of trolley mt 1.155 kg 
Mass of hook mh 0.1 kg 
Mass of payload mp 0.155, 0.215, 0.275 kg 
Cable length between trolley and hook l1 0.2 m – 0.4 m 
Cable length between hook and payload l2 0.2 m 
Length of the DMP lp 0.2 m, 0.305 m 
Viscous damping coefficients of trolley fx 82 Ns/m 
Viscous damping coefficients of hoisting fl 75 Ns/m 
Gravitational constant g 9.81/s2  
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method (ode45) and with a sampling time of 0.001 s. 

3.1. Experimental set-up 

For validation of the theory and simulation results, a laboratory DPOC shown in Fig. 5 was used for experimental works. The 
laboratory crane has dimensions of 1 m x 1 m x 1 m, with important components labelled in Fig. 5. The hook is connected to a sus
pension cable and the DMP is connected to the hook through a rigging cable. Encoders are used for measurements of displacement of 
the trolley motion and angle of hook oscillation. For measurement of the DMP oscillation angle, a C170 camera pointing downward is 
attached to the trolley. The trolley and hoisting movements are driven by two separate DC motors. For communication between the 
crane and the computer, an RT-DAC board (interface module) is used. Furthermore, Matlab/Simulink Real-Time Toolbox is used for 
real-time implementation of control algorithms. 

To evaluate the effects of carrying DMPs with different masses and lengths, several DMPs with different materials were carefully 
selected. Fig. 6 shows all the DMPs used in the experiments. In Fig. 6(a), three DMPs with the same length of 0.2 m but with different 
mass (0.155 kg, 0.215 kg and 0.275 kg) are shown. On the other hand, Fig. 6(b) illustrates two DMPs with different lengths (0.2 m and 
0.305 m), but they have a similar mass of 0.215 kg. The parameters of the laboratory crane and DMPs are listed in Table 1. These 
parameters are also used in simulation of the derived dynamic equations of the motion. 

Fig. 7. Input force signal for the system.  

Fig. 8. Trolley position response.  
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4. Results and dynamic characteristic analyses 

In this section, a set of simulation and experimental results are presented. These results are used to study the dynamic charac
teristics of the crane with DMP and the effects of changing important parameters. They are also used to validate and examine the 
mathematical models of the crane system. In this work, an external force of 0.6 N with a width of 2 s as shown in Fig. 7 was excited into 
the crane in an open loop configuration. This input force was chosen as it can move the crane to an appropriate position within the 
limits of the laboratory crane, and with suitable hook and DMP oscillations. 

4.1. Fixed and varying cable lengths (Payload hoisting) 

With a hook mass of 100 g, payload mass of 155 g and a DMP length of 0.2 m, simulation and experimental results of the trolley 

Fig. 9. Response of the DPOC with DMP without payload hoisting (a) Hook sway, (b) Payload sway.  

Table 2 
Performance indices measurement for the case with a fixed length.   

MTS Frequency 

Hook Payload Hook Payload 

Simulation 4.48 deg 6.32 deg 4.29 rad/s 4.06 rad/s 
Experiment 4.53 deg 6.40 deg 4.25 rad/s 4.13 rad/s 
Relative error (%) 1.02 1.22 0.98 1.86  
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position responses to the input force are shown in Fig. 8. It is noted that both results are identical in transient and steady-state re
sponses. Eventually, the trolley moved to a distance of about 0.29 m within 2 s. As the hook and payload oscillate during the trolley 
motion, and since it takes a longer time for the oscillation to settle down, the trolley response was also influenced by the oscillations. 
This is shown in the enlarged part of Fig. 8, in which the steady-state response of the trolley motion exhibits small and persistent 
oscillation. Both simulation and experiment have shown a similar trend although with slightly different values. For this particular case, 
a closed-loop position control might be required to achieve a precise desired trolley position. 

Fig. 9(a) and (b) show the simulated and experimental results of the hook and payload oscillation responses respectively. Both 
results have shown that significant oscillations arise during the trolley motions. The maximum sways of payload oscillation were 
obtained as 4.48 deg and 4.53 deg using simulation and experiment respectively. However, it can be noted that there are slight 

Fig. 10. Response of the DPOC with DMP with payload hoisting (a) Hook sway, (b) Payload sway.  

Table 3 
Performance indices measurement for the case with payload hoisting.   

MTS Frequency 

Hook Payload Hook Payload 

Simulation 4.47 deg 6.57 deg 3.88 rad/s 4.03 rad/s 
Experiment 4.80 deg 6.68 deg 3.79 rad/s 3.98 rad/s 
Relative error (%) 0.22 1.70 2.80 1.24  
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differences in both responses, as they were not exactly in phase. Nevertheless, both exercises provided the same pattern of responses for 
hook and DMP oscillations. The MTS and oscillation frequencies of the responses are tabulated in Table 2 which demonstrated closed 
values between the theory and experiment. The accuracy of the model was further examined based on the relative errors of MTS and 
frequencies as also given in Table 2. It is noted that the relative errors were less than 2%, which is small and indicates a good agreement 
between simulation and experimental results. Another important observation is that the hook and DMP oscillate with different fre
quencies, and thus it is proven that the crane with DMP is a type of multi-mode system. In this case, with experiment, the oscillation 
frequencies were obtained as 4.25 rad/s and 4.13 rad/s for the hook and DMP respectively. 

To evaluate the effects of payload hoisting on the dynamics of DPOC, simulations and experiments were conducted with simul
taneous trolley motion and payload hoisting. Due to the limitation of the laboratory crane, payload hoisting (lowering) was considered 
from 0.2 m to 0.4 m. Fig. 10(a) and (b) show simulation and experimental results of the hook and DMP oscillation responses 
respectively. Similar to the case with a fixed length, both oscillation responses were not exactly in phase. Nonetheless, the pattern of 
hook and DMP oscillations were identical for both simulations and experiments. For the DMP, the maximum sways were 6.57 deg and 
6.68 deg, and oscillation frequencies were 4.03 rad/s and 3.98 rad/s for simulation and experiment respectively. Table 3 summarises 
the MTS and oscillation frequencies of the hook and DMP oscillation responses. Comparisons of those values show a close agreement 
between simulation and experiment with a maximum relative error of 2.80%. 

The effects of DMP hoisting on the dynamics of DPOC were analysed based on the responses in Figs. 9 and 10. It was revealed that 
the oscillation behaviour in terms of their magnitudes, shapes and frequencies are affected by varying cable length during simulta
neous motion of trolley and payload hoisting operation. Similar effects on the DPOC dynamics can be observed in simulation and 
experiment. With the hoisting operation, the simulated MTS value has reduced by 0.2% for hook, and has increased by 3.9% for DMP. 
Experiment shows a similar trend with 1.3% reduction for the hook and 4.2% increment for the payload. On the other hand, the 

Fig. 11. Simulated response of the DPOC with DMP under mass variations (a) Hook sway, (b) Payload sway.  
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average oscillation frequencies of hook and payload have reduced by 11.7% and 4.4% respectively in simulation, whereas the fre
quencies have reduced by 10.8% and 3.6% in experiment. These concur with the theory as increasing the cable length during payload 
hoisting (lowering) results in a lower oscillation frequency. 

The slight differences between simulation and experimental results, in which the responses were not in phase, together with the 
percentage relative errors might be due to several assumptions used in the modelling process and several factors which were ignored. 
These include air friction and wind disturbance which were not taken into account in the model derivation. Nevertheless, for both cases 
with and without payload hoisting, simulations and experiments provided the same patterns in the system’s dynamic behaviour with 
small relative errors in MTS and oscillation frequencies. The good compliance between the model and the plant response indicates the 

Fig. 12. Experimental response of the DPOC with DMP under mass variations (a) Hook sway, (b) Payload sway.  

Table 4 
Performance indices and frequencies under payload mass variations.  

(g) Simulation Experiment 

Hook Payload Hook Payload 

MTS (deg) MAE ωh (rad/s) MTS (deg) MAE ωp (rad/s) MTS (deg) MAE ωh (rad/s) MTS (deg) MAE ωp (rad/s) 

155 4.49 2.35 4.28 6.33 2.87 4.06 4.53 2.38 4.25 6.41 3.41 4.13 
215 4.14 2.21 4.21 5.52 2.62 4.33 4.20 2.24 4.19 5.65 2.94 4.19 
275 4.28 1.96 4.49 5.06 2.17 4.59 4.33 2.03 4.30 5.06 2.73 4.41  
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usefulness of the model for feedforward and feedback controller designs. 

4.2. The effects of payload mass variations 

This section evaluates the effects of payload mass variations on the dynamic behaviour of the DPOC with DMP. It is essential to 
study these effects as cranes are used to carry different payload masses during their operations. In these investigations, payload masses 
of 155 g, 215 g and 275 g as shown in Fig. 6(a) were used, while other parameters are kept constants: cable length 0.3 m, hook mass 
100 g and payload length 0.2 m. 

Figs. 11 and 12 show simulation and experimental sway responses respectively. It can be observed that by carrying different 
payload masses, the hook and payload responses were considerably affected, especially in terms of its magnitude, shape and frequency. 

Table 5 
Percentage of relative errors between simulation and experimental results under mass variations.  

Payload mass (g) Hook (%) Payload (%) 

MTS MAE Frequency MTS MAE Frequency 

155 0.8 1.2 0.7 1.2 15.8 1.7 
215 1.4 1.3 0.5 2.3 10.4 3.3 
275 1.1 3.4 4.2 0 20.5 3.9  

Fig. 13. Simulated response of the DPOC with DMP under different payload lengths (a) Hook sway, (b) Payload sway.  
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Table 4 summarises the MTS, MAE and sway frequencies values of the oscillations for simulation and experiment. As payload mass 
increases, it can be observed in both cases, that MTS for payload and MAE for the hook and payload decrease. This indicates that a 
larger mass yields a lower crane oscillation. For the payload sway, simulated MTS and MAE values have reduced by 20% and 24.4% 
respectively when the mass was changed from 155 g to 275 g whereas, the MTS and MAE values have reduced by 21% and 20% in 
experiments. However, the MTS values for the hook sway show a mixed pattern with increasing payload masses. Additionally, in both 
simulation and experiment, the sway frequency for payload increases with increasing payload. The increments were calculated as 12% 
and 3% for the simulation and experiment respectively. Similar to the case with MTS, the hook frequency shows a mixed pattern with 
the three payload masses. 

The accuracy of the dynamic model with various payload masses was further examined by conducting detailed comparisons with 
the experimental results. Table 5 summarises the percentage of relative errors for MTS, MAE and sway frequencies for the hook and 

Fig. 14. Experimental response of the DPOC with DMP under different payload lengths (a) Hook sway, (b) Payload sway.  

Table 6 
Performance indices and frequencies under payload length variations.  

(cm) Simulation Experiment 

Hook Payload Hook Payload 

MTS (deg) MAE ωh (rad/s) MTS (deg) MAE ωp (rad/s) MTS (deg) MAE ωh (rad/s) MTS (deg) MAE ωp (rad/s) 

20.0 4.14 2.21 4.13 5.52 2.62 4.19 4.20 2.24 4.09 5.65 2.94 4.13 
30.5 4.13 2.16 4.03 6.23 2.69 4.03 4.18 2.19 4.08 6.39 3.61 4.08  
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payload responses. With the exception of payload’s MAE, all relative errors were below 5%, indicating a close agreement between 
simulation and experiment. Higher percentage errors with the MAE of the payload oscillation were due to the simulation responses at 
the peak magnitudes, which were not as smooth as the experimental results. Nevertheless, the magnitude and the frequency of the 
emerged oscillations are similar in both works, which are useful for further analyses and for controller design. 

4.3. The effects of payload length variations 

In some practical cases, the DPOC is required to carry DMPs with different lengths. This section investigates the effects of payload 
length variations on the dynamics of the hook and payload oscillations. Two different payload lengths of 0.20 m and 0.305 m as shown 
in Fig. 6(b) were considered, with the other parameters remain constants, i.e., payload mass of 215 g and cable length of 0.3 m. 

With the same input force as in Section 4.1, simulation and experimental results of the sway responses with different payload 
lengths are illustrated in Figs. 13 and 14 respectively, and Table 6 summarizes the MTS, MAE and oscillation frequency values. With 
these two payload lengths, it can be observed that the hook oscillation was not much affected. In this case, the MTS values were quite 
similar, whereas the MAE values have reduced only by 2% in both exercises. In contrast, the payload oscillations were considerably 
affected. By increasing the payload length from 0.2 m to 0.305 m, the MTS values have increased by 12.9% and 12.2%, and the MAE 
values have increased by 2.7% and 22.8% for simulation and experiment respectively. It is noted that with increasing DMP length, 
there were slight increments in the oscillation frequencies. The frequencies of the hook sway have increased by 2.4% and 0.2% with 
simulation and experiment respectively, whereas the payload’s frequencies have increased by 3.8% and 1.2%. 

Similarly, to examine the accuracy of the dynamic models, the percentages of relative errors between simulation and experiment 
were calculated. Table 7 shows the percentage errors with two payload lengths. Apart from payload’s MAE, all the relative errors were 
below 3%, which again show a close agreement between simulation and experiment. Similar to the result in the previous section, the 
simulated payload sway was not as smooth as the experimental result, which contributes to the high percentage of the relative errors 
for MAE. 

5. Conclusion 

This paper presents a comprehensive analysis of the dynamic characteristics of a double-pendulum overhead crane (DPOC) when 
carrying a distributed-mass payload (DMP). It encompasses the development and simulation of nonlinear dynamic models for the 
crane, both with and without DMP hoisting. The study also delves into the impact of varying cable lengths, distinct payload masses, 
and different payload lengths on the dynamics of hook and payload oscillations. To validate the derived models and to assess their 
accuracy, experiments were conducted using a laboratory crane. The results from both simulation and experimentation highlight the 
substantial influence of these parameters on payload oscillation. The devised model is validated experimentally, and the experimental 
results are in very good compliance with the theory. Future work will investigate the effects of larger DMP masses and longer DMP 
lengths to further validate the accuracy of the models. In addition, dynamic characterisations of cranes with DMP oscillation and 
twisting will also be considered. 
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