BBM401-Lecture 10: Normal Forms and Grammars

Lecturer: Lale Ozkahya

Resources for the presentation:
https://courses.engr.illinois.edu/cs373/fa2010/
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Normal Forms for Grammars

It is typically easier to work with a context free language if given a
CFG in a normal form.
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It is typically easier to work with a context free language if given a
CFG in a normal form.

Normal Forms
A grammar is in a normal form if its production rules have a
special structure:
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It is typically easier to work with a context free language if given a
CFG in a normal form.

Normal Forms
A grammar is in a normal form if its production rules have a
special structure:
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or A—a

Agha-Viswanathan CS373



Normal Forms for CFG

Normal Forms for Grammars

It is typically easier to work with a context free language if given a
CFG in a normal form.

Normal Forms
A grammar is in a normal form if its production rules have a
special structure:
@ Chomsky Normal Form: Productions are of the form A — BC
or A—a
@ Greibach Normal Form Productions are of the form A — aa,
where a € V*
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Normal Forms for CFG

Normal Forms for Grammars

It is typically easier to work with a context free language if given a
CFG in a normal form.

Normal Forms

A grammar is in a normal form if its production rules have a
special structure:
@ Chomsky Normal Form: Productions are of the form A — BC
or A—a
@ Greibach Normal Form Productions are of the form A — aa,
where a € V*

If € is in the language, we allow the rule S — e¢. We will require
that S does not appear on the right hand side of any rules.
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Normal Forms for CFG

In this lecture. ..

@ How to convert any context-free grammar to an equivalent
grammar in the Chomsky Normal Form
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Normal Forms for CFG

In this lecture. ..

@ How to convert any context-free grammar to an equivalent
grammar in the Chomsky Normal Form

@ We will start with a series of simplifications...
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Three Simplifications

Eliminating e-productions

@ Often would like to ensure that the length of the intermediate
strings in a derivation are not longer than the final string
derived
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Three Simplifications

Eliminating e-productions

@ Often would like to ensure that the length of the intermediate
strings in a derivation are not longer than the final string
derived

@ But a long intermediate string can lead to a short final string
if there are e-productions (rules of the form A — ¢).
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Three Simplifications

Eliminating e-productions

@ Often would like to ensure that the length of the intermediate
strings in a derivation are not longer than the final string
derived

@ But a long intermediate string can lead to a short final string
if there are e-productions (rules of the form A — ¢).

@ Can we rewrite the grammar not to have e-productions?
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Three Simplifications

Eliminating e-production
The Problem

Given a grammar G produce an equivalent grammar G’ (i.e.,
L(G) = L(G")) such that G’ has no rules of the form A — ¢,
except possibly S — ¢, and S does not appear on the right hand
side of any rule.
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Three Simplifications

Eliminating e-production
The Problem

Given a grammar G produce an equivalent grammar G’ (i.e.,
L(G) = L(G")) such that G’ has no rules of the form A — ¢,
except possibly S — ¢, and S does not appear on the right hand
side of any rule.

Note: If S can appear on the RHS of a rule, say S — 5S, then
when there is the rule S — ¢, we can again have long intermediate
strings yielding short final strings.
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Eliminating e-productions
Elimin Jnit P

Three Simplifications

Nullable Variables

A variable A (of grammar G) is nullable if A = €.
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Three Simplifications

her the Three Simplifications

Nullable Variables

A variable A (of grammar G) is nullable if A = €.

How do you determine if a variable is nullable?
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Three Simplifications

her the Three Simplifications

Nullable Variables

A variable A (of grammar G) is nullable if A = €.

How do you determine if a variable is nullable?

o If A— €is a production in G then A is nullable
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Three Simplifications

Nullable Variables

A variable A (of grammar G) is nullable if A = €.

How do you determine if a variable is nullable?

o If A— €is a production in G then A is nullable

o If A— B1B;y--- By is a production and each B; is nullable,
then A is nullable.
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Three Simplifications

Nullable Variables

Definition

A variable A (of grammar G) is nullable if A = €.

How do you determine if a variable is nullable?

o If A— €is a production in G then A is nullable

o If A— B1B;y--- By is a production and each B; is nullable,
then A is nullable.

Fixed point algorithm: Propagate the label of nullable until there is
no change.

Agha-Viswanathan CS373



ing e-productions
. o . i Jnit P C
Three Simplifications 1B 17

Using nullable variables

Initial Ideas

Intuition: For every variable A in G have a variable A in G’ such
that A=¢ wiff A= ¢ wand w # e
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Three Simplifications

Using nullable variables

Initial Ideas

Intuition: For every variable A in G have a variable A in G’ such
that A=¢ wiff A=¢ w and w # e. For every rule B — CAD in
G, where A is nullable, add two rules in G':
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Using nullable variables

Initial Ideas

Intuition: For every variable A in G have a variable A in G’ such
that A=¢ wiff A=¢ w and w # e. For every rule B — CAD in
G, where A is nullable, add two rules in G': B — CD and

B — CAD.
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Eliminating e-productions

Eliminating Unit Productions

Eliminatin s Symbols

Putting Tog r the Three Simplifications

Three Simplifications

The Algorithm

@ G’ has same variables, except for a new start symbol S’.
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Three Simplifications

The Algorithm

@ G’ has same variables, except for a new start symbol S’.

@ For each rule A — X1X5--- Xy in G, create rules
A — aiao - - - a where
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Eliminating e-productions
Elim Unit Productions
U s Symbols
her the Three Simplifications

Three Simplifications

The Algorithm

@ G’ has same variables, except for a new start symbol S’.

@ For each rule A — X1X5--- Xy in G, create rules
A — aiao - - - a where

X; if X; is a non-nullable variable/terminal in G
X; or e if X;is nullable in G

aj =

and not all «; are €
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Eliminating e-productions
Eliminating Unit Productions
U Symbols
ether the Three Simplifications

Three Simplifications

The Algorithm

@ G’ has same variables, except for a new start symbol S’.

@ For each rule A — X1X5--- Xy in G, create rules
A — aiao - - - a where

X; if X; is a non-nullable variable/terminal in G
X; or e if X;is nullable in G

aj =

and not all «; are €
o Add rule S’ — S. If S nullable in G, add S’ — € also.
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Useless Symbols
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Correctness of the Algorithm
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Three Simplifications

Correctness of the Algorithm

@ By construction, there are no rules of the form A — ¢ in G’
(except possibly S” — €), and S’ does not appear in the RHS
of any rule.
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Three Simplifications

Correctness of the Algorithm

@ By construction, there are no rules of the form A — ¢ in G’
(except possibly S” — €), and S’ does not appear in the RHS
of any rule.

o L(G)=L(G)

Agha-Viswanathan CS373



Three Simplifications

Correctness of the Algorithm

@ By construction, there are no rules of the form A — ¢ in G’
(except possibly S” — €), and S’ does not appear in the RHS
of any rule.

o L(G)=L(G)

o L(G') C L(G): For every rule A— w in G, we have A = w
(by expanding zero or more nullable variables in w to €)
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Eliminati

Three Simplifications e

Correctness of the Algorithm

@ By construction, there are no rules of the form A — ¢ in G’
(except possibly S” — €), and S’ does not appear in the RHS
of any rule.

o L(G)=L(G)

o L(G') C L(G): For every rule A— w in G, we have A = w
(by expanding zero or more nullable variables in w to €)
o L(G) C L(G'): If e € L(G), then e € L(G).
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Eliminati

Three Simplifications e

Correctness of the Algorithm

@ By construction, there are no rules of the form A — ¢ in G’
(except possibly S” — €), and S’ does not appear in the RHS
of any rule.

o L(G)=L(G")

o L(G') C L(G): For every rule A— w in G, we have A = w
(by expanding zero or more nullable variables in w to €)

o L(G)CL(G'): Ifec L(G), thene € L(G'). fAScwe X,
then by induction on the number of steps in the derivation,
A>Sc w. Basecase: if A— w € XF, then A — w.

(Proof details skipped.)
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Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:
e S—
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:
o S— ABJAIB
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

o S— ABJAIB

o A—
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

o S— ABJAIB

o A — AaAlaA|Aala
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

o S— ABJAIB

o A — AaAlaA|Aala

e B—
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

o S— ABJAIB

o A — AaAlaA|Aala

o B — BbB|bB|Bblb
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Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

S — AB|A|B

A — AaA|aA|Aala

B — BbB|bB|Bb|b

S —
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Eliminating e-productions

Eliminating Unit Productions

Elimin bols

Puttin hree Simplifications

Three Simplifications

Eliminating e-productions
An Example

Rules of grammar G be S — AB; A — AaAl¢; and B — BbBle.

@ Nullables in G are A, B and S
@ Rules for grammar G”:

S — AB|A|B

A — AaA|aA|Aala

B — BbB|bB|Bb|b

S" — Sle
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Unit Productions
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her the Three Simplifications

Three Simplifications

Eliminating Unit Productions

o Often would like to ensure that the number of steps in a
derivation are not much more than the length of the string
derived
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Eliminating e-productions
Three Simplifications Hzlt‘rt’rc;ductlons

the Three Simplifications

Eliminating Unit Productions

o Often would like to ensure that the number of steps in a
derivation are not much more than the length of the string
derived

@ But can have a long chain of derivation steps that make little
or no “progress,” if the grammar has unit productions (rules
of the form A — B, where B is a non-terminal).
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Three Simplifications

Eliminating Unit Productions

o Often would like to ensure that the number of steps in a
derivation are not much more than the length of the string
derived

@ But can have a long chain of derivation steps that make little
or no “progress,” if the grammar has unit productions (rules
of the form A — B, where B is a non-terminal).

o Note: A — ais not a unit production

Agha-Viswanathan CS373



productions

Three Simplifications Eliminat

Putti > Three Simplifications

Eliminating Unit Productions

o Often would like to ensure that the number of steps in a
derivation are not much more than the length of the string
derived

@ But can have a long chain of derivation steps that make little
or no “progress,” if the grammar has unit productions (rules
of the form A — B, where B is a non-terminal).

o Note: A — ais not a unit production

@ Can we rewrite the grammar not to have unit-productions?

Eliminating unit-productions

Given a grammar G produce an equivalent grammar G’ (i.e.,
L(G) = L(G")) such that G’ has no rules of the form A — B where

BeV.
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Three Simplifications

Role of Unit Productions

Unit productions can play an important role in designing grammars:
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Eliminating e-productions
Three Simplifications Hzlt‘rt’rc;ductlons

the Three Simplifications

Role of Unit Productions

Unit productions can play an important role in designing grammars:

@ While eliminating e-productions we added a rule S’ — S. This
is a unit production.
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Three Simplifications Eliminati

Puttin Three Simplifications

Role of Unit Productions

Unit productions can play an important role in designing grammars:
@ While eliminating e-productions we added a rule S’ — S. This
is a unit production.

@ We have used unit productions in building an unambiguous
grammar:

I = al|bl|la|lb T F|TxF
N—>0|[1|NO|NI E—=T|E+T
F—I|N|—N|(E)
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Three Simplifications Eliminat

Putti the Three Simplifications

Role of Unit Productions

Unit productions can play an important role in designing grammars:

@ While eliminating e-productions we added a rule S’ — S. This
is a unit production.

@ We have used unit productions in building an unambiguous
grammar:

I = al|bl|la|lb T F|TxF
N—>0|[1|NO|NI E—=T|E+T
F—I|N|—N|(E)

But as we shall see now, they can be (safely) eliminated
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Three Simplifications . Ui [Pl o
U s Symbols

her the Three Simplifications

Basic Idea

Introduce new “look-ahead” productions to replace unit
productions: look ahead to see where the unit production (or a
chain of unit productions) leads to and add a rule to directly go

there.
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Eliminating e-productions

Three Simplifications

Basic Idea

Introduce new “look-ahead” productions to replace unit
productions: look ahead to see where the unit production (or a
chain of unit productions) leads to and add a rule to directly go
there.

Example
E— T — F— 1| — a|b|la|lb.
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Eliminating e-productions

Three Simplifications

Basic Idea

Introduce new “look-ahead” productions to replace unit
productions: look ahead to see where the unit production (or a
chain of unit productions) leads to and add a rule to directly go
there.

Example

E— T — F — | — a|b|la|lb. So introduce new rules
E — a|b|la|lb
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Eliminating e-productions

Three Simplifications

Basic Idea

Introduce new “look-ahead” productions to replace unit
productions: look ahead to see where the unit production (or a
chain of unit productions) leads to and add a rule to directly go
there.

Example

E— T — F — | — a|b|la|lb. So introduce new rules
E — a|b|la|lb

But what if the grammar has cycles of unit productions?
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Three Simplifications

Basic Idea

Introduce new “look-ahead” productions to replace unit
productions: look ahead to see where the unit production (or a
chain of unit productions) leads to and add a rule to directly go
there.

Example

E— T — F — | — a|b|la|lb. So introduce new rules
E — a|b|la|lb

But what if the grammar has cycles of unit productions? For
example, A — Bla, B — C|b and C — A|c. You cannot use the
“look-ahead” approach, because then you will get into an infinite
loop.
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Eliminating e-productions

Eliminating Unit Productions

Eliminating Useless Symbols

Putting Together the Three Simplifications

Three Simplifications

The Algorithm
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Unit Productions
Useless Symbols
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Three Simplifications

The Algorithm

@ Determine pairs (A, B) such that A =, B, i.e., A derives B
using only unit rules. Such pairs are called unit pairs.
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Three Simplifications

The Algorithm

@ Determine pairs (A, B) such that A =, B, i.e., A derives B
using only unit rules. Such pairs are called unit pairs.

o Easy to determine unit pairs:
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Eliminating e-productions

Three Simplifications

The Algorithm

@ Determine pairs (A, B) such that A =, B, i.e., A derives B
using only unit rules. Such pairs are called unit pairs.

o Easy to determine unit pairs: Make a directed graph with
vertices = V/, and edges = unit productions. (A, B) is a unit
pair, if there is a directed path from A to B in the graph.
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Eliminating e-productions
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Three Simplifications

The Algorithm

@ Determine pairs (A, B) such that A =, B, i.e., A derives B
using only unit rules. Such pairs are called unit pairs.

o Easy to determine unit pairs: Make a directed graph with
vertices = V/, and edges = unit productions. (A, B) is a unit
pair, if there is a directed path from A to B in the graph.

@ If (A, B) is a unit pair, then add production rules
A— 51’,32’ oo '5[(, where B — 61‘/32‘ 000 |,8k are all the
non-unit production rules of B
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Eliminating e-productions
Eliminating Unit Productions
Useless Symbols
er the Three Simplifications

Three Simplifications

The Algorithm

@ Determine pairs (A, B) such that A =, B, i.e., A derives B
using only unit rules. Such pairs are called unit pairs.

o Easy to determine unit pairs: Make a directed graph with
vertices = V/, and edges = unit productions. (A, B) is a unit
pair, if there is a directed path from A to B in the graph.

@ If (A, B) is a unit pair, then add production rules
A — B1|B2| - - - Bk, where B — B1|B2| - - - | B are all the
non-unit production rules of B

© Remove all unit production rules.

Let G’ be the grammar obtained from G using this algorithm.
Then L(G') = L(G)
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Three Simplifications

Correctness Proof
L(G") C L(G)
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Eliminating e-productions
Three Simplifications Hzlt‘rt’rc;ductlons

the Three Simplifications

Correctness Proof
L(G") C L(G)

Proof.

For every rule A — w in G’, we have A =S¢ w (by a sequence of
zero or more unit productions followed by a nonunit production of

G) O
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Three Simplifications

Correctness Proof
L(G) C L(G)
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Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.
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ether the Three Simplifications

Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.

@ All these derivation steps are possible in G’ also, except the
ones using the unit productions of G.
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Eliminating e-productions

Eliminating Unit Productions

Eliminating Useless Symbols

Putting Together the Three Simplifications

Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.

@ All these derivation steps are possible in G’ also, except the
ones using the unit productions of G.

@ Suppose S = xAa =1 xBa = - - -, where = corresponds
to a unit rule.
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Eliminating e-productions

Eliminatin t Productions

Eliminating cless Symbols

Putting Together the Three Simplifications

Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.

@ All these derivation steps are possible in G’ also, except the
ones using the unit productions of G.

@ Suppose S = xAa =1 xBa = - - -, where = corresponds
to a unit rule. Then (in a leftmost derivation) =, must
correspond to using a rule for B.
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Eliminating e-productions
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Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.

@ All these derivation steps are possible in G’ also, except the
ones using the unit productions of G.

@ Suppose S = xAa =1 xBa = - - -, where = corresponds
to a unit rule. Then (in a leftmost derivation) =, must
correspond to using a rule for B.

@ So a leftmost derivation of w in G can be broken up into
“big-steps” each consisting of zero or more unit productions
on the leftmost variable, followed by a non-unit production.
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Eliminating e-productions
Eliminating Unit Productions
g Useless Symbols
Putting Together the Three Simplifications

Three Simplifications

Correctness Proof

L(G) € L(G")

For w € L(G) consider a leftmost derivation S =, w in G.

@ All these derivation steps are possible in G’ also, except the
ones using the unit productions of G.

@ Suppose S = xAa =1 xBa = - - -, where = corresponds
to a unit rule. Then (in a leftmost derivation) =, must
correspond to using a rule for B.

@ So a leftmost derivation of w in G can be broken up into
“big-steps” each consisting of zero or more unit productions
on the leftmost variable, followed by a non-unit production.

@ For each such “big-step” there is a single production rule in
G’ that yields the same result. O
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Three Simplifications Uselless Syirrlsels

Putting T her the Three Simplifications

Eliminating Useless Symbols
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Eliminating Useless Symbols
Putt her the Three Simplifications

Three Simplifications

Eliminating Useless Symbols

o Ideally one would like to use a compact grammar, with the
fewest possible variables
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e-productions
g Unit Productions
Eliminating Useless Symbols
Putt her the Three Simplifications

Three Simplifications

Eliminating Useless Symbols

o Ideally one would like to use a compact grammar, with the
fewest possible variables

@ But a grammar may have “useless” variables which do not
appear in any valid derivation
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e-productions

. AP Unit Productions
Three Simplifications - P TOGUEHOnS

Putting her the Three Simplifications

Eliminating Useless Symbols

o Ideally one would like to use a compact grammar, with the
fewest possible variables

@ But a grammar may have “useless” variables which do not
appear in any valid derivation

@ Can we identify all the useless variables and remove them
from the grammar? (Note: there may still be other
redundancies in the grammar.)
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e-productions
X P Unit Productions
Three Simplifications b o

Putting Together the Three Simplifications

Useless Symbols

Definition
A symbol X € V UX is useless in a grammar G = (V, %, S, P) if
there is no derivation of the form S = aX3 = w where w € ¥*

and o, 8 € (VUX)".
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e-productions
Unit Productions
Useless Symbols
Putting ether the Three Simplifications

Three Simplifications

Useless Symbols

Definition

A symbol X € V UX is useless in a grammar G = (V, %, S, P) if
there is no derivation of the form S = aX3 = w where w € ¥*
and a, 8 € (VUX)*.

Removing useless symbols (and rules involving them) from a
grammar does not change the language of the grammar
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e-productions

N e . Unit Productions
Three Simplifications - P TOGUEHOnS

Putting Together the Three Simplifications

Revisiting Useless Symbols

Recall, X is useless if there is no derivation of the form
S= aXf = w where w € T* and o, 8 € (VU X)*.
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e-productions

N e . Unit Productions
Three Simplifications - P TOGUEHOnS
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Revisiting Useless Symbols

Recall, X is useless if there is no derivation of the form
S= aXf = w where w € T* and o, 8 € (VU X)*.

i.e., X is useless iff either

Type 1: X is not “reachable” from S (i.e., no «, 3 such that
S aXxp),
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Three Simplifications

S
Putting her the Three Simplifications

Revisiting Useless Symbols

Recall, X is useless if there is no derivation of the form
S= aXf = w where w € T* and o, 8 € (VU X)*.
i.e., X is useless iff either
Type 1: X is not “reachable” from S (i.e., no «, 3 such that
S aXp), or

Type 2: for all @, 8 such that S = X, either at, X or f3
cannot yield a string in X*.
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Recall, X is useless if there is no derivation of the form
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i.e., X is useless iff either
Type 1: X is not “reachable” from S (i.e., no «, 3 such that
S= aXp), or
Type 2: for all @, 8 such that S = X, either at, X or f3
cannot yield a string in £*. i.e., either

Type 2a: X is not “generating” (i.e., now € ¥*
such that X = w),
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Three Simplifications

S
Putting her the Three Simplifications

Revisiting Useless Symbols

Recall, X is useless if there is no derivation of the form
S= aXf = w where w € T* and o, 8 € (VU X)*.

i.e., X is useless iff either
Type 1: X is not “reachable” from S (i.e., no «, 3 such that
S= aXp), or
Type 2: for all @, 8 such that S = X, either at, X or f3
cannot yield a string in £*. i.e., either
Type 2a: X is not “generating” (i.e., now € ¥*
such that X = w), or

Type 2b: « or B contains a non-generating
symbol
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So, in order to remove useless symbols,
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So, in order to remove useless symbols,

@ First remove all symbols that are not generating (Type 2a)

o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step
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So, in order to remove useless symbols,

@ First remove all symbols that are not generating (Type 2a)

o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step

e Type 2b: for all &, 8 such that S = X, « or 3 contains a
non-generating symbol.
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Algorithm

So, in order to remove useless symbols,

@ First remove all symbols that are not generating (Type 2a)
o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step
e Type 2b: for all &, 8 such that S = X, « or 3 contains a
non-generating symbol. Then in the new grammar all such

derivations disappear (because some variable in « or 8 is
removed).
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o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step

e Type 2b: for all &, 8 such that S = X, « or 3 contains a
non-generating symbol. Then in the new grammar all such
derivations disappear (because some variable in « or 8 is
removed).

© Next remove all unreachable symbols in the new grammar.
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then X becomes unreachable after this step
e Type 2b: for all &, 8 such that S = X, « or 3 contains a
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removed).
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Algorithm

So, in order to remove useless symbols,

@ First remove all symbols that are not generating (Type 2a)

o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step

e Type 2b: for all &, 8 such that S = X, « or 3 contains a
non-generating symbol. Then in the new grammar all such
derivations disappear (because some variable in « or 8 is
removed).

© Next remove all unreachable symbols in the new grammar.

o Removes Type 1 (originally unreachable) and Type 2b useless
symbols now

Doesn't remove any useful symbol in either step (Why?)
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Algorithm to Remove Useless Symbols

Algorithm
So, in order to remove useless symbols,
@ First remove all symbols that are not generating (Type 2a)

o If X was useless, but reachable and generating (i.e., Type 2b)
then X becomes unreachable after this step

e Type 2b: for all &, 8 such that S = X, « or 3 contains a
non-generating symbol. Then in the new grammar all such
derivations disappear (because some variable in « or 8 is
removed).

© Next remove all unreachable symbols in the new grammar.

o Removes Type 1 (originally unreachable) and Type 2b useless
symbols now

Doesn't remove any useful symbol in either step (Why?)
Only remains to show how to do the two steps in this algorithm
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Putting Together the Three Simplifications
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Generating symbols

o If A— x, where x € L*, is a production then A is generating

o If A— ~ is a production and all variables in v are generating,
then A is generating.
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Generating symbols

o If A— x, where x € £*, is a production then A is generating

o If A— ~ is a production and all variables in ~ are generating,
then A is generating.

Reachable symbols

@ S is reachable

o If Ais reachable and A — aBg is a production, then B is
reachable
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Three Simplifications

Generating and Reachable Symbols

Generating symbols

o If A— x, where x € £*, is a production then A is generating

o If A— ~ is a production and all variables in ~ are generating,
then A is generating.

Reachable symbols

@ S is reachable

o If Ais reachable and A — aBg is a production, then B is
reachable

Fixed point algorithm: Propagate the label (generating or
reachable) until no change.
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Threé Simplifications

The Three Simplifications, Together

Given a grammar G, such that L(G) # 0, we can find a grammar
G’ such that L(G') = L(G) and G’ has no e-productions (except

possibly S — €), unit productions, or useless symbols, and S does
not appear in the RHS of any rule.
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Three Simplifications

The Three Simplifications, Together

Given a grammar G, such that L(G) # 0, we can find a grammar
G’ such that L(G') = L(G) and G’ has no e-productions (except

possibly S — €), unit productions, or useless symbols, and S does
not appear in the RHS of any rule.

Proof.
Apply the following 3 steps in order:

© Eliminate e-productions
@ Eliminate unit productions

© Eliminate useless symbols. O
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Three Simplifications

The Three Simplifications, Together

Given a grammar G, such that L(G) # 0, we can find a grammar
G’ such that L(G') = L(G) and G’ has no e-productions (except

possibly S — €), unit productions, or useless symbols, and S does
not appear in the RHS of any rule.

Proof.
Apply the following 3 steps in order:

© Eliminate e-productions
@ Eliminate unit productions

© Eliminate useless symbols. O

Note: Applying the steps in a different order may result in a
grammar not having all the desired properties.
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Chomsky Normal Form

For any non-empty context-free language L, there is a grammar G,
such that L(G) = L and each rule in G is of the form

O A— awhereacy,
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such that L(G) = L and each rule in G is of the form

Q A— awhereack, or
@ A — BC where neither B nor C is the start symbol,
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Chomsky Normal Form

Chomsky Normal Form

For any non-empty context-free language L, there is a grammar G,
such that L(G) = L and each rule in G is of the form

Q@ A— awhereacy, or

@ A — BC where neither B nor C is the start symbol, or
© S — € where S is the start symbol (iffe € L)
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Chomsky Normal Form

Proposition

For any non-empty context-free language L, there is a grammar G,
such that L(G) = L and each rule in G is of the form

Q A— awhereack, or
@ A — BC where neither B nor C is the start symbol, or
© S — € where S is the start symbol (iffe € L)

Furthermore, G has no useless symbols.
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Chomsky Normal Form

Outline of Normalization

Given G = (V, X, S, P), convert to CNF

o Let G'=(V',%,S, P') be the grammar obtained after
eliminating e-productions, unit productions, and useless
symbols from G.
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Chomsky Normal Form

Outline of Normalization

Given G = (V, X, S, P), convert to CNF

o Let G'=(V',%,S, P') be the grammar obtained after
eliminating e-productions, unit productions, and useless
symbols from G.

o If A— x is a rule of G’, where |x| =0, then A must be S
(because G’ has no other e-productions). If A — x is a rule of
G’, where |x| =1, then x € ¥ (because G’ has no unit
productions). In either case A — x is in a valid form.
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Chomsky Normal Form

Outline of Normalization

Given G = (V, X, S, P), convert to CNF

o Let G'=(V',%,S, P') be the grammar obtained after
eliminating e-productions, unit productions, and useless
symbols from G.

o If A— x is a rule of G’, where |x| =0, then A must be S
(because G’ has no other e-productions). If A — x is a rule of
G’, where |x| =1, then x € ¥ (because G’ has no unit
productions). In either case A — x is in a valid form.

@ All remaining productions are of form A — X1 X5 - - - X, where
X;€ VUL, n>2 (and S does not occur in the RHS).
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Chomsky Normal Form

Outline of Normalization

Given G = (V, X, S, P), convert to CNF

o Let G'=(V',%,S, P') be the grammar obtained after
eliminating e-productions, unit productions, and useless
symbols from G.

o If A— x is a rule of G’, where |x| =0, then A must be S
(because G’ has no other e-productions). If A — x is a rule of
G’, where |x| =1, then x € ¥ (because G’ has no unit
productions). In either case A — x is in a valid form.

@ All remaining productions are of form A — X1 X5 - - - X, where
Xi € VUL, n>2 (and S does not occur in the RHS). We
will put these rules in the right form by applying the following
two transformations:

@ Make the RHS consist only of variables
© Make the RHS be of length 2.
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Chomsky Normal Form

Make the RHS consist only of variables

Let A — X1 X5--- X, with X; being either a variable or a terminal.
We want rules where all the X; are variables.
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Chomsky Normal Form

Make the RHS consist only of variables

Let A — X1 X5--- X, with X; being either a variable or a terminal.
We want rules where all the X; are variables.

Consider A — BbCdefG. How do you remove the terminals?
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Chomsky Normal Form

Make the RHS consist only of variables

Let A — X1 X5--- X, with X; being either a variable or a terminal.
We want rules where all the X; are variables.

Example

Consider A — BbCdefG. How do you remove the terminals?
For each a, b,c... € ¥ add variables X;, Xp, Xc, ... with
productions X; — a, X, — b, .... Then replace the production
A — BbCdefG by A — BX,CXy X Xr G
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Chomsky Normal Form

Make the RHS consist only of variables

Let A — X1 X5--- X, with X; being either a variable or a terminal.
We want rules where all the X; are variables.

Example

Consider A — BbCdefG. How do you remove the terminals?
For each a, b,c... € ¥ add variables X;, Xp, Xc, ... with
productions X; — a, X, — b, .... Then replace the production
A — BbCdefG by A — BX,CXy X Xr G

For every a € &
@ Add a new variable X,
@ In every rule, if a occurs in the RHS, replace it by X,
© Add a new rule X; — a
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Chomsky Normal Form

Make the RHS be of length 2

@ Now all productions are of the form A — a or
A— BiBy---B,, where n > 2 and each B; is a variable.
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Chomsky Normal Form

Make the RHS be of length 2

@ Now all productions are of the form A — a or
A— BiBy---B,, where n > 2 and each B; is a variable.

@ How do you eliminate rules of the form A — B1B;... B,
where n > 27
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Chomsky Normal Form

Make the RHS be of length 2

@ Now all productions are of the form A — a or
A— BiBy---B,, where n > 2 and each B; is a variable.

@ How do you eliminate rules of the form A — B1B;... B,
where n > 27
@ Replace the rule by the following set of rules
A — BlB(2,n)
Bony — B2Bgin
Bizm — B3Ban

B(n—l,n) — Bs-1Bn

where By; ) are “new” variables.
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Chomsky Normal Form

An Example

Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.
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@ Eliminate e-productions, unit productions, and useless
symbols.
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Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.

@ Eliminate e-productions, unit productions, and useless
symbols. This grammar is already in the right form.
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An Example

Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.

@ Eliminate e-productions, unit productions, and useless
symbols. This grammar is already in the right form.

@ Remove terminals from the RHS of long rules.
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Chomsky Normal Form

An Example

Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.

@ Eliminate e-productions, unit productions, and useless
symbols. This grammar is already in the right form.

@ Remove terminals from the RHS of long rules. New grammar
is: X; — a, Xp = b, S — XA XpB|b, A — BX,X5| XpXa,
and B — XpAAXp| X3 Xp
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Chomsky Normal Form

An Example

Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.

@ Eliminate e-productions, unit productions, and useless
symbols. This grammar is already in the right form.

@ Remove terminals from the RHS of long rules. New grammar
is: X; — a, Xp = b, S — XA XpB|b, A — BX,X5| XpXa,
and B — XpAAXp| X3 Xp

© Reduce the RHS of rules to be of length at most two.
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Chomsky Normal Form

An Example

Convert: S — aA|bB|b, A — Baa|ba, B — bAAb|ab, into
Chomsky Normal Form.

@ Eliminate e-productions, unit productions, and useless
symbols. This grammar is already in the right form.

@ Remove terminals from the RHS of long rules. New grammar
is: X; — a, Xp = b, S — XA XpB|b, A — BX,X5| XpXa,
and B — XpAAXp| X3 Xp

© Reduce the RHS of rules to be of length at most two. New
grammar replaces A — BX,X; by rules A — BX,,,

Xaa — XaXa, and B — XbAAXb by rules B — XbXAAb:
Xaapb — AXap, Xap — AXp
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