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Existence of non-regular languages

e Theorem: There is a language over 2 ={0, 1}
that is not regular.

* (Works for other alphabets t00.)

* Proof:

— Recall, a language is any (finite or infinite) set of (finite)
strings.

— It turns out that there are many more sets of finite
strings than there are DFAs; so just based on
cardinality, there must be some non-regular languages.

— But, there are infinitely many sets of strings, and
infinitely many DFAs---so what does it mean to say that
one of these Is “more” than the other?

— Answer: There are different kinds of infinities:

« Countably infinite sets, like the natural numbers or the integers.
< Uncountably infinite sets, like the reals.
» Also, different sizes of uncountable infinities.



Existence of non-regular languages

 Theorem: There is a language over 2 ={0, 1}
that is not regular.

e Proof:
— Follows from two claims:

— Claim 1: The set of all languages over 2 ={0,1}is
uncountable, that is, it cannot be put into one-to-one
correspondence with N (natural numbers).

— Claim 2: The set of regular languages is countable.
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e Claim 1. The set of all languages over 2 ={0,1}is
uncountable, that is, it cannot be put into one-to-one
correspondence with N.

* Proof of Claim 1: By contradiction.

— Suppose it is countable.

— Then we can put the set of all languages in one-to-one
correspondence with N, e.g.:

0. %) L,

1. {0} L,

2. All even-length strings (an infinite language) L,

3 All strings containing at least one 0 L,
Etc.

All (finite and infinite) sets of (finite) strings must appear in this list.
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Claim 1: The set of all languages over 2 ={0,1}is
uncountable, that is, it cannot be put into one-to-one
correspondence with N (the natural numbers).

Proof, cont’d:
— Clarify:

e X*is the set of all (finite) strings over 2 ={0,1}.

* P(Z*) is the set of all sets of strings, or languages, over X.

< Right column lists all languages, that is, all elements of P(Z*).
— X2*, the set of all finite strings, is countable:

* We can list all finite strings in order of length, put them in one-
to-one correspondence with N.

+ Eg., ¢ 0,1,00,01, 10, 11, 000,...
— Since there is a correspondence between N and x*, and
we assumed one between N and P(X*), there must be a
correspondence between X* and P(X*), e.g.:
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€ irnnnn. ) Lo

0.ovnenees {0} L,
1. All even-length strings (an infinite language) L,
00 .......... All strings containing at least one 0. L,
Etc.

 Call the correspondence f, so we have f(e) = L, f(0) = L,
f(1) = L,, etc.

* Now define D, the diagonal set of strings:
D={weZX*|w isnotinf(w) }
» Examples:
— ¢isin D, because ¢ is not in &
— OisnotinD, because Oisin {0}
— lisin D, because 1 is not an even-length string.

— 00 is notin D, because 00 contains at least one 0.
Etc.
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Now the twist...

Since the right column includes all subsets of =*, D itself
appears somewhere.

That is, D = f(x) for some string x.
X ceriiennnn D={w]|wisnotinf(w)}
Tricky question: Is this string x in D or not?
Two possibilities:
— If xisin D, then x is not in f(x) by definition of D, so x is not in D
since D = f(x).

— Ifxis notin D, then x is in f(x) by definition of D, so x is in D since
D =f(x).

Either way, a contradiction.

Implies that no such mapping f exists.

So there is no correspondence between N and P(Z*).
So P(Z*), the set of languages over X, is uncountable.



Claim 2

* Claim 2: The set of regular languages is countable.
e Proof:

Each regular language is recognized by some DFA.

Each DFA has a finite description: states, start states,
transitions,...

Can write each of these using standard names for states, without
changing the language.

Can enumerate these “standard form” DFAs in order of length.
Leads to an enumeration of the regular languages.

» Since P(X*), the set of all languages, is uncountable,
whereas the set of regular languages is countable, some
language must be non-regular.

* In fact, by considering different kinds of infinity, one can
prove that “most” languages are non-regular.



Showing specific languages are
non-regular



Showing languages are non-regular

» Basic tool: Pigeonhole Principle: If you put > n
pigeons into n holes, then some hole has > 1
pigeon.

 Example 1: L, ={0"1" | n> 0} is non-regular
— E.g.,0011isin L,, 011 is not.
— Show by contradiction, using Pigeonhole Principle.
— Assume L, is regular.
— Then there is a DFAM = (Q, %, §, q,, F) recognizing L,.
— Now define:
 Pigeons = all strings in 0*.
« Holes = states in Q.

— Put pigeon 0' into hole §*(q,, 0'), that is, the hole
corresponding to the state reached by input 0.



Showing languages are non-regular

« Example 1: L, ={0"1" | n >0 }is non-regular
— Assume L, is regular.
— Then there is a DFA M = (Q, %, §, q,, F) recognizing L;.
— Define:
e Pigeons = all strings in 0*.
* Holes = states in Q.

— Put pigeon 0'into hole §*(q,, 0'), that is, the hole
corresponding to the state reached by input 0.

— There are |Q] holes, but > |Q| pigeons (actually, infinitely
many).

— So by Pigeonhole Principle, 2 pigeons must be put in
the same hole, say 0'and Oiwith i < j.

— That is, 0'and Oi lead to the same state.

— Then since M accepts 01}, it also accepts 011/, which is
incorrect, contradiction.



Showing languages are non-regular

 Example 1: L, ={0"1" | n >0} is non-regular
— Assume L, is regular.
— Then there is a DFAM = (Q, %, 9, q,, F) recognizing L,.
— 0'and O lead to the same state.

— Then since M accepts 0'1/, it also accepts 0i1!, which is
incorrect, contradiction.

0] 1i
01i leads to the final state, so 0i1i does also. ‘




Showing languages are non-regular

« Example 2: L, ={010010001...01 | i is any
positive mteger } is non-regular
— Show by contradiction, using Pigeonhole Principle.
— Assume L, is regular, so there is a DFA
M=(Q, %, §, q, F) recognizing L,.

— Define:

» Pigeons = all strings in L,.

* Holes = states.

— Put pigeon string into hole corresponding to the state it
leads to.

— By the Pigeonhole Principle, two pigeons share a hole,
say 01...0'1 and 01...0'1, where j > I.

— S0 01...01 and 01...0/1 lead to the same state.
— M accepts 01...0'10"*11.,
— So M accepts 01...0i110"11, incorrect, contradiction.



Showing languages are non-regular

« Example 3: Ly={ww]|we{0,1}}isnon-
regular
— Show by contradiction, using Pigeonhole Principle.
— Assume Lis regular, so there is a DFA
M=(Q, %, 5, q, F) recognizing L.
— Define:

 Pigeons = strings of the form 0'1 where i is a nonnegative
integer; that is, 1, 01, 001,...

* Holes = states.

— Put pigeon string into hole corresponding to the state it
leads to.

— By the Pigeonhole Principle, two pigeons share a hole,
say 0'1 and 0'1, where j > i.

— So 0'1 and 0'1 lead to the same state.

— M accepts 0'1011.

— So M accepts 0110'1, incorrect, contradiction.



The Pumping Lemma



Pumping Lemma

Use Pigeonhole Principle (PHP) to prove a general result
that can be used to show many languages are non-regular.

Theorem (Pumping Lemma):
— Let L be a regular language, recognized by a DFA with p states.
— Letx e L with |x] > p.
— Then x can be written as x = u v w where |v| > 1, so that for all m >
O,uv™w e L.

— In fact, it is possible to subdivide x in a particular way, with the total
length of u and v being at most p: |uv|<p.

That is, we can take any sufficiently long word in the
language, and find some piece that can be added in any
number of times to get other words in the language
(“pumping up”).

Or, we could remove the piece (“pumping down”).

And this piece could be chosen to be near the beginning of
the word.



Pumping Lemma

* Theorem (Pumping Lemma):
— Let L be a regular language, recognized by a DFA with p states.
— Letx e L with |x] > p.
— Then x can be written as X = u v w where |v| > 1, so that for all m >
O,uv™w e L.
* Proof (of the basic lemma):
— Consider x € L with |x| > p.
Write x =a, a, a5 ... 8,in L, where k> p.

Suppose x passes through states qg, g, -.., 4, Where g, is the start
state and q, is an accept state.

Since there are at least p+1 state occurrences and M has only p
states, two state occurrences must be the same, by PHP.

Say q; = g;for some i <j.




Pumping Lemma

* Theorem (Pumping Lemma):
— Let L be a regular language, recognized by a DFA with p states.
— Letx e L with |x] > p.
— Then x can be written as x = u v w where |v| > 1, so that for all m >
O,uv™w e L.

* Proof:
— Assume X = a, a, as ... &, in L, where k> p.

— Q=0 1<J
- Writteu=a; ... &, V=2, ... 3 and w = a,; ... &
— Claim this works:
* X =UVw, obviously.
* VI=]ay; ... |21, sincei<j
s uvm v)v is accepted, since it follows the loop m times (possibly 0
times).




The loop

* UV™w is accepted, since it follows the loop m
times (possibly 0 times).

u=a, .. a W=ay,, ... 8



Getting the extra condition

Theorem (Pumping Lemma):
— Let L be a regular language, recognized by a DFA with p states.
— Letx e L with |x] > p.
— Then x can be written as x = u v w where |v| > 1, so that for all m >
O,uv™w e L.

— Infact, it is possible to subdivide x in a particular way, with the total
length of u and v being at most p: |uv|<p.

Proof:

— Consider x € L with |x| > p.

Write x =a, a, a5 ... a,in L, where k> p.
Suppose x passes through states qg, qy, ...

Two state occurrences must be the same, by PHP.
— We can choose these two occurrences to be among the first p+1.
— Then|uv|<p.




Example 1, revisited

L, ={0"1" | n>0 }is non-regular.
Suppose there is a DFA for L, with p states.

We pick a particular word x in L, and pump it to get a
contradiction.

Choose x = 0P1P, where p is the number of states.

Then the Pumping Lemma says that x can be written as u
v w, with |v| > 1, sothatuv vwis alsoinL,.
— We're using m = 2 here.
We get a contradiction, by considering three cases:
— v consists of Os only: Then u v v w contains at least one extra 0,
the same 1s, can’t match.
— v consists of 1s only: At least one extra 1, can't match.

— v consists of a mix of Os and 1s: Then u v v w contains a 1 before
a0,souvvwcantbeinlL,.
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Example 3, revisited

={ww|we {0, 1} }isnon-regular.

Suppose there is a DFA for L; with p states.
Pick a word x in L;and pump it to get a contradiction.
Choose x =0r1 0P 1, where p is the number of states.

Pumping Lemma says that x can be written as u v w, with
|v| > 1, so that u v w is also in L, for every m.

But so what?

The PL might giveusv=x,u=w =¢.

Then adding in v any number of times, or removing v, yields a
string in L.

E.g., if x = 001001, and v = x, then u v v w = 001001001001, which
isinL;.

No contradiction here.



Example 3, revisited

Ly={ww|we {0, 1} }is non-regular.
Choose x =0rP1 0r 1, where p is the number of states.

Pumping Lemma says that x can be written as u v w, with
|v| > 1, so that u v w is also in L, for every m.

No contradiction here.

So we use the extra condition, making the repeating part
appear near the beginning: |uv|<p.

This implies that uv must contain only 0Os.

Then u v v w does yield a contradiction: it adds in at least
one 0, in the first part only, yielding unequal-length runs of
0s.



Example 3, revisited

Ly={ww|we {0, 1} }is non-regular.
Choose x = 0P 1 0P 1, where p is the number of states.

Then x can be written as u v w, with |v| > 1, so that u v w
IS also in L, for every m, and so that | u v | <p.

This implies that uv must contain only Os.

Then u v v w does yield a contradiction: it adds in at least
one 0, in the first part only, yielding unequal-length runs of
0s.

Note: It was important to pick the right string to pump.

— E.g., if we chose x = 010101..., an even number of repetitions of
01, then we could pump all we want and not get a contradiction.

— The PL might give us x = u v w with v = 0101.
— Adding in 0101 any number of times yields a string in L;.



More Examples



Example 4: Palindromes

L, = PAL ={w € {0,1}* | w = wR } is non-regular.
Suppose there is a DFA for PAL with p states.

Pick a word x in PAL and pump it to get a contradiction.
Choose x = 0P 1 0P; clearly x is in PAL

The Pumping Lemma yields x=uvw, |v| > 1, |uv| < p, and
uv™w in PAL for every m.

Thus, the pumping part is near the beginning of x.
Since |uv| < p, uv consists of Os only.

Since |v| > 1, v contains at least one 0.

Then u v v w must be in PAL.

But this can’t be, because we added at least one 0 in the
first part and not in the second part.



Example 5

L; = EQ ={w e {0,1}* | w contains the same
number of Os and 1s} is non-regular.

Suppose there is a DFA for EQ with p states.
Choose x = 0P 1P to pump; clearly x is in EQ.

The Pumping Lemma yields x =u v w, |[v| > 1, |uv|
<p,and uvmw in EQ for every m.

Since |uv| < p, uv consists of Os only.
Since |v| > 1, v contains at least one 0.
Then u v v w is supposed to be in EQ, but it isn’t.



Example 5

e L; =EQ={w € {0,1}* | w contains the same
number of Os and 1s} is non-regular.
» Alternative proof:
— By contradiction.
— Suppose that EQ is regular.
— Then EQ n 0*1* is also regular. Why?

— Because 0*1* is regular, and the class of regular
languages is closed under intersection.

— ButeEQ n0*1*={0"1" | n >0} = L,, which we have
already proved is non-regular.
— Contradiction.



Example 6

A non-regular unary language, ~ ={1}.
Le ={ 1" | nis a prime number } is non-regular.

Suppose Lgis regular, p = number of states in accepting
DFA.

Let n > p be a prime number, choose x = 1".

The Pumping Lemma yields x =uvw, |v| > 1, and u v w
in Lg for every m.

So we have x = 1" =12 1P 1¢ where u = 138, v = 1, w = 1¢.
Since u v w in Lg for every m, we have that every number
of the form n + k b is prime, for every nonnegative integer
K.

But that can’t be true:

— Consider k = n.

— Thenn+ kb =n+nb=n (1+b), which is not prime (since b > 1).



Example 7: Pumping down

L,={0"1|i>]j}is non-regular.

It doesn’t work to pump up within the initial block
of 0s---wouldn’t produce something outside L.
But we can pump down, if we choose the right x.
Choose x = 0p*1 1p, obviously in L.
Thenx=uvw,|v|>1, |uv|<p,and every uvmw,
forany m >0, isin L.

Considering m = 0, we know that u w is in L.

v consists of just 0s, and contains at least one 0.

So removing v removes at least one 0, which
yields a string that is not in L.



